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Abstract
First order semi-linear coupling of scalar hypoelliptic equations of
second order leads to a natural class of incompressible Navier Stokes
equation systems, which encompasses systems with variable viscosity
and essentially Navier Stokes equation systems on manifolds. We in-
troduce a controlled global solution scheme which is based on a) local
contraction results in function spaces with polynomial decay of some
order at spatial infinity related to the polynomial growth factors of
standard a priori estimates of densities and their derivatives for hy-
poelliptic diffusions of Ho¨rmander type (cf. [15]), and on b) a con-
trolled equation system where we discuss variations of the scheme we
considered in [10]. Global regularity of the controlled velocity func-
tions and the control function is obtained. We supplement our notes
on global bounds of the Leray projection term and related controlled
Navier Stokes equation schemes in [6, 7, 9, 10, 12]. Some arguments
for linear upper bounds for the control function are added.
2000 Mathematics Subject Classification. 35K40, 35Q30.
1 Introduction
The classical incompressible Navier-Stokes equation in n-dimensional Eu-
clidean space for the velocity v = (v1, · · · , vn)T and the scalar pressure
p, with initial data h = (h1, · · · , hn)T and with viscosity ν > 0, i.e., the
equation 

∂v
∂t − ν∆v + (v · ∇)v = −∇p,
∇ · v = 0, t ≥ 0, x ∈ Rn,
v(0, .) = h,
(1)
has its special form due to Galilei invariance in flat space. As outlined in
[1] this symmetry fixes the highly constrained structure of the equation, es-
pecially the coefficient of the nonlinear convection term. Although there
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are rather natural generalisations of the Navier Stokes equation model on
Riemannian manifolds, there is some freedom of choice concerning the de-
scription of the coupling of the velocity field to the curvature in such cases,
where this choice can be determined by other types of symmetries which fit
with the manifold considered, e.g. Killing symmetry for spheres. Here we
just note that these and other phenomena, such as the fact that realistic
modelling of fluids sometimes requires variable viscosity, motivate generali-
sations of the classical incompressible Navier-Stokes equation. We are con-
cerned with such a generalisation where we start with the classical Navier
Stokes equation in its equivalent Leray projection form, i.e., the equation
system 

∂vi
∂t − ν
∑n
j=1
∂2vi
∂x2j
+
∑n
j=1 vj
∂vi
∂xj
=
∫
Rn
(
∂
∂xi
Kn(x− y)
)∑n
j,k=1
(
∂vk
∂xj
∂vj
∂xk
)
(t, y)dy,
v(0, .) = h.
(2)
Recall that the restriction of incompressibility reduces to the condition of
incompressibility of the initial data for (2), i.e., the condition
div v(0, .) = div h = 0. (3)
Recall furthermore that the pressure in (1) is determined by the solution of
(2) in the form
p(t, x) = −
∫
Rn
Kn(x− y)
n∑
j,k=1
(
∂vk
∂xj
∂vj
∂xk
)
(t, y)dy, (4)
where
Kn(x) :=


1
2π ln |x|, if n = 2,
1
(2−n)ωn |x|2−n, if n ≥ 3
(5)
is the Poisson kernel. We are interested in n ≥ 3, although our consider-
ations may be applied in the case n = 2 with modifications related to the
different growth behavior and the different singularity of the Laplacian ker-
nel and its first order derivatives in that case. We mention that |.| denotes
the Euclidean norm and ωn denotes the area of the unit n-sphere. Next we
shall generalize the Navier-Stokes equation system in its Leray projection
form having in mind the global scheme we considered in [9, 10, 6, 7]. We
recall the main idea of the scheme in its most simple form as it was discussed
in [10] in order to indicate some differences to the generalized systems con-
sidered here. One difference is that the equation systems considered include
systems with highly degenerated second order coefficients. Concerning the
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solution scheme, the main difference is then related to an additional spatial
polynomial growth factor in the Ho¨rmander or Kusuoka-Stroock estimates
of the densities of approximating equations (cf. our discussion below). The
global scheme considered in [10] is based on local contraction results in
strong norms and on the choice of dynamically defined control functions
which ensure that spatial polynomial decay of a certain order is inherited
from time step to time step and which helps in order to show that the solu-
tion is bounded in strong norms over time. For a linear upper bound of the
Leray projection term we need less, as we indicated in [10] and argue here
more specifically. Let us reconsider these ideas from a slightly different point
of view. We assume step size one in transformed coordinates by the time
transformation t = ρlτ , where the time step size ρl will be small in general.
The subscript l in ρl indicates that the time step size may be dependent
on the time step number l. However, there are some obvious restrictions
concerning the dependence on the time step number l if we want to have
a global scheme. For some versions of our scheme with more sophisticated
control functions even a time step size with an uniform lower bound can be
chosen. Having computed the functions vρ,l−1i (l − 1, .) for 1 ≤ i ≤ n and
l ≥ 1, where vρ,0i (l − 1, .) := hi(.) for 1 ≤ i ≤ n, we consider the Leray
projection form of the incompressible Navier-Stokes equation at each time
step l ≥ 1 on the domain [l − 1, l]× Rn, i.e., the equation

∂vρ,li
∂τ − ρlν
∑n
j=1
∂2vρ,li
∂x2j
+ ρl
∑n
j=1 v
ρ,l
j
∂vρ,li
∂xj
= ρl
∫
Rn
∑n
i,j=1
(
∂vρ,li
∂xj
∂vρ,lj
∂xi
)
(τ, y) ∂∂xiKn(x− y)dy,
vρ,l(l − 1, .) = vρ,l−1(l − 1, .).
(6)
In order to have a global scheme the time step size should be at least ρl ∼ 1l .
Some polynomial decay assumption and regularity assumption on the data
is useful in order to prove that the scheme is global. For n ≥ 3 and for the
classical model with constant viscosity (or even for classical Navier Stokes
equations on manifolds) a condition of form vρ,l−1i (l − 1, .) ∈ Hm ∩ Cm
for an integer m with m > 12n is an appropriate choice in order to prove
convergence of the local scheme to a classical solution via local contraction
estimates. For the generalized highly degenerate model of this paper with
diffusions satisfying a Ho¨rmander condition we shall need stronger condi-
tions of polynomial decay. The reasoning is quite similar in both cases. For
the generalisations considered in this paper, polynomial decay assumptions
(along with regularity assumptions) are very useful as they can be com-
bined with Kusuoka-Stroock estimates for the densities related to the part
of the operator which satisfies the Ho¨rmander condition. Let us consider the
simple Navier-Stokes equation model first. The local solution of the incom-
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pressible Navier-Stokes equation in Leray-projection form is constructed via
a functional series
vρ,li = v
ρ,l−1
i +
∞∑
k=1
δvρ,l,ki , 1 ≤ i ≤ n, (7)
where vρ,l,0i := v
ρ,l−1
i , and where for the most simple scheme v
ρ,l,1
i solves

∂vρ,l,1i
∂τ − ρlν
∑n
j=1
∂2vρ,l,1i
∂x2j
=
−ρl
∑n
j=1 v
ρ,l−1
j (l − 1, .)
∂vρ,l−1
i
∂xj
+ρl
∫
Rn
∑n
j,m=1
(
∂vρ,l−1j
∂xm
∂vρ,l−1m
∂xj
)
(l − 1, y) ∂∂xiKn(x− y)dy,
vρ,l,1(l − 1, .) = vl−1(l − 1, .).
(8)
Furthermore, the functional increments δvρ,k+1,li = v
ρ,k+1,l
i −vρ,k,li , 1 ≤ i ≤ n
solve

∂δvρ,k+1,li
∂τ − ρl
∑n
j=1
∂2δvρ,k+1,li
∂x2j
= −ρl
∑n
j=1 v
ρ,k−1,l
j
∂δvρ,k,li
∂xj
− ρl
∑
j δv
ρ,k,l
j
∂vρ,k,l
∂xj
+
ρl
∫
Rn
Kn,i(x− y)
((∑n
j,m=1
(
vρ,k,lm,j + v
ρ,k−1,l
m,j
)
(τ, y)
)
δvρ,k,lj,m (τ, y)
)
dy,
δvρ,k+1,l(l − 1, .) = 0,
(9)
and where δvρ,1,lj = v
ρ,1,l
j −vρ,0,l := vρ,1,lj −vρ,l−1i (l−1, .). Note that δvρ,1,1j =
vρ,1,1j − hj at the first time-step. In [10] we have shown that the functional
series
(
vρ,l,ki
)
k≥1
converges to a local solution for an appropriate choice of the
time step size ρl in strong C
0 ([l − 1, l],Hm), or C1 ([l − 1, l],Hm)-norms via
contraction estimates (supremum with respect to time). These contraction
estimates can be based on Gaussian a priori estimates for densities, Young
inequalities, Fourier transforms, and standard estimates for products in Hm.
Now let us reconsider controlled Navier-Stokes equation systems, where
we consider a variation of the scheme in (cf. [10]) from a slightly different
point of view in preparation of natural generalisations aimed at in this paper.
For a regular control function r = (r1, · · · , rn)T : [0,∞) × Rn → Rn the
equation for the controlled velocity function
vr := v + r, (10)
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in original coordinates becomes

∂vri
∂t − ν
∑n
j=1
∂2vri
∂x2j
+
∑n
j=1 v
r
j
∂vri
∂xj
= +∂ri∂t
−ν∑nj=1 ∂2ri∂x2j +∑nj=1 rj ∂vri∂xj +∑nj=1 vrj ∂ri∂xj −∑nj=1 rj ∂ri∂xj
+
∫
Rn
(
∂
∂xi
Kn(x− y)
)∑n
j,k=1
(
vrk,jv
r
j,k
)
(t, y)dy
−2 ∫
Rn
(
∂
∂xi
Kn(x− y)
)∑n
j,k=1
(
vrk,jrj,k
)
(t, y)dy
− ∫
Rn
(
∂
∂xi
Kn(x− y)
)∑n
j,k=1 (rk,jrj,k) (t, y)dy,
vr(0, .) = h.
(11)
This equation for vri ∈ C1,2 ([0,∞) ×Rn) , 1 ≤ i ≤ n may be solved for an
appropriate control function space R such that the summand
vi ∈ C1,2 ([0,∞)× Rn)
for 1 ≤ i ≤ n is a global classical solution of the incompressible Navier
Stokes equation. The idea is to choose at the beginning of each time step l
control functions rli : [l− 1, l]×Rn → R, 1 ≤ i ≤ n such that the controlled
function becomes bounded on this domain while - in the most simple case
- the increment of the control function is bounded by a constant which is
fixed, i.e., especially independent of the time step number l. This leads to
a global linear bound of the control functions and a global bound of the
controlled velocity functions vri . Even in this most simple case we can then
conclude that there exist global classical solutions.
The construction is done time-step by time step on domains [l − 1, l] ×
R
n, l ≥ 1, where for 1 ≤ i ≤ n the restriction of the control function
component ri to [l − 1, l] × Rn is denoted by rli. The local functions vr,ρ,li
with vr,ρ,li (τ, x) = v
r,l
i (t, x) are defined inductively on [l − 1, l] × Rn along
with the control function rl via the Cauchy problem for
vr,ρ,l := vρ,l + rl. (12)
We mention here that the control functions rli are chosen at every time step
l ≥ 1. This means that we can analyse the local behavior by analysis of
functional sequences where the only reference to the control function is with
respect to the initial data vr,ρ,l−1i (l − 1, .).
Here, vρ,l =
(
vρ,l1 , · · · , vρ,ln
)T
is the time transformed solution of the
incompressible Navier Stokes equation (in Leray projection form) restricted
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to the domain [l − 1, l]× Rn. Note that the local solution function at time-
step l ≥ 1, i.e.,
vr,ρ,l =
(
vρ,l1 + r
l
1, · · · vρ,ln + rln
)T
, (13)
satisfies the equation

∂vr,ρ,li
∂τ − ρlν
∑n
j=1
∂2vr,ρ,li
∂x2j
+ ρl
∑n
j=1 v
r,ρ,l
j
∂vr,ρ,li
∂xj
=
∂rli
∂τ − ρlν
∑n
j=1
∂2rli
∂x2
j
+ ρl
∑n
j=1 r
l
j
∂vr,ρ,li
∂xj
+ρl
∑n
j=1 v
r,ρ,l
j
∂rli
∂xj
− ρl
∑n
j=1 r
l
j
∂rli
∂xj
+ρl
∫
Rn
(
∂
∂xi
Kn(x− y)
)∑n
j,k=1
(
∂vr,ρ,l
k
∂xj
∂vr,ρ,lj
∂xk
)
(τ, y)dy
−2ρl
∫
Rn
(
∂
∂xi
Kn(x− y)
)∑n
j,k=1
(
∂vr,ρ,l
k
∂xj
∂rlj
∂xk
)
(τ, y)dy
−ρl
∫
Rn
(
∂
∂xi
Kn(x− y)
)∑n
j,k=1
(
∂rl
k
∂xj
∂rlj
∂xk
)
(τ, y)dy,
vr,ρ,l(l − 1, .) = vr,ρ,l−1(l − 1, .).
(14)
At each time step l ≥ 1 the functions vr,ρ,l−1i (l − 1, .) and rl−1i (l − 1, .)
are defined in a regular space by inductive assumption, and we are free to
choose the functions rli at the next time step l ≥ 1 within a regular function
space R with the restriction that rli(l − 1, .) = rl−1i (l − 1, .). There are
several possibilities for defining the control functions rli in order to get an
upper bound of the Leray projection term. We shall construct a bounded
solution with sophisticated control functions and linearly bounded solutions
with less sophisticated control functions. However, concerning simplicity
of the control function leads to a linear bound with respect to time for the
velocity functions. Note that this is sufficient for existence of global classical
solutions. The price to pay for the simplicity of the control function is that
we need a refinement of the contraction, and we shall consider alternatives
where this is not the case. We have two types of simple control functions.
One simple type of control functions is based on the following idea. Assume
inductively that we can realize a certain growth behavior with respect to
time up to the time step number l − 1 of the form
Dαxv
r,ρ,l−1
i (l − 1, .) ∼
√
l − 1 for |α| ≤ m (15)
at the beginning of some time step l ≥ 1 (inductive assumption). Now
assume that we have constructed the control function up to time l − 1 ≥ 0
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such that
vr
l−1,ρ,l
i (l − 1, .) := vρ,li (l − 1, .) + rl−1i (l − 1, .) (16)
are the initial data of time step l ≥ 1. Let vrl−1,ρ,l,1i and δvr
l−1,ρ,l,k
i be
solutions of the uncontrolled equations (90) with data vr
l−1,ρ,l
i (l − 1, .) and
(9). The local contraction result
∣∣δvrl−1,ρ,l,ki ∣∣C0([l−1,l]×Hm) ≤ 12
∣∣δvrl−1,ρ,l,k−1i ∣∣C0([l−1,l]×Hm) (17)
for m ≥ 2, and for all 1 ≤ i ≤ n ensures (as can be shown easily) that the
limit
vr
l−1,ρ,l = vr
l−1,ρ,l−1 +
∞∑
k=1
δvr
l−1,ρ,l,k (18)
of the corresponding local functional series represents a local solution of the
incompressible Navier Stokes equation on the domain [l − 1, l] × Rn. For a
time step size ρl of order
ρl ∼ 1
l
, (19)
we shall reconsider below the argument that a global scheme can be defined.
For appropriate inductively defined control functions classical representa-
tions of the linear approximations vr,ρ,l,1i and of the increments δv
r,ρ,l,k
i , k ≥
1 in terms of convolutions with the fundamental solution of a heat equation
with viscosity ρl show that
Dαx δv
r,ρ,l,1
i ∼ 1, for |α| ≤ m (20)
and
Dαx δv
r,ρ,l,k
i ∼
(
1√
l
)k−1
, for |α| ≤ m and k ≥ 2. (21)
We shall consider details of the proof below, even in a more general situation.
Our choice of the control functions rli is related to the observations (20) and
(21), and motivate our definition of a control functions rli (or a part of the
control function) in [8] and [9], where we defined
δrli = r
l
i − rl−1i (l − 1, .) = −δvr,ρ,l,1i . (22)
This implies that we have
vr,ρ,li = v
rl−1,ρ,l−1
i + δr
l
i +
∑∞
k=1 δv
rl−1,ρ,l,k
i
= vr,ρ,l−1i +
∑∞
k=2 δv
rl−1,ρ,l,k
i , 1 ≤ i ≤ n.
(23)
7
Note: since we choose δrli once at time step l ≥ 1 before we compute the
higher order term we may compute vr,ρ,li as follows. At time step l ≥ 1 we
start with the the data vr,ρ,l−1i and determine functions v
ρ,l,1
i

∂vρ,l,1i
∂τ − ρlν
∑n
j=1
∂2vρ,l,1i
∂x2j
=
−ρl
∑n
j=1 v
ρ,l−1
j (l − 1, .)
∂vρ,l−1i
∂xj
+ρl
∫
Rn
∑n
j,m=1
(
∂vρ,l−1j
∂xm
∂vρ,l−1m
∂xj
)
(l − 1, y) ∂∂xiKn(x− y)dy,
vρ,l,1(l − 1, .) = vr,l−1(l − 1, .).
(24)
With a slight abuse of our notation so far the functional increments δvρ,k+1,li =
vρ,k+1,li − vρ,k,li , 1 ≤ i ≤ n then solve the same equation as in (9)

∂δvρ,k+1,li
∂τ − ρl
∑n
j=1
∂2δvρ,k+1,li
∂x2j
= −ρl
∑n
j=1 v
ρ,k−1,l
j
∂δvρ,k,li
∂xj
− ρl
∑
j δv
ρ,k,l
j
∂vρ,k,l
∂xj
+
ρl
∫
Rn
Kn,i(x− y)
((∑n
j,m=1
(
vρ,k,lm,j + v
ρ,k−1,l
m,j
)
(τ, y)
)
δvρ,k,lj,m (τ, y)
)
dy,
δvρ,k+1,l(l − 1, .) = 0.
(25)
Then we may choose the increment of the control function δrli = r
l
i−rli(l−1, .)
and
vr,ρ,li = v
r,ρ,l−1
i + δv
r,ρ,l,1
i + δr
l
i +
∑∞
k=2 δv
ρ,l,k
i , 1 ≤ i ≤ n. (26)
We have to note that the increments δvρ,l,ki , k ≥ 2 are not the same as before,
although they seem to be determined by identical equations (25) and (9).
However, these equations are not identical since for k+1 = 2 the initial data
vr,l,0i = v
r,ρ,l−1
i (l−1, .) enter into the equation, and this has certainly an effect
for the higher order terms as well. However these considerations simplifies
the analysis. We do not have to establish local contraction results for the
whole controlled system (14) but only for the original type of Navier Stokes
equations. Indeed, this way of construction makes it possible to do the local
analysis of the higher order terms analogously as for the local scheme - only
the initial data are different at each time step.
Remark 1.1. We have to mention another ambiguity in notation here. At
time step l ≥ 1 we understand
vr,ρ,l−1i = v
ρ,l−1
i + r
l
i = v
ρ,l−1
i + r
l−1
i + δr
l
i (27)
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where the left side of the equation (27) at time step l−1 is vr,ρ,l−1i (l−1, .) =
vρ,l−1i + r
l−1
i . Disambiguation is clear if a certain time step l is fixed.
Now from (188) we have
vr,ρ,li = v
r,ρ,l−1
i +
∑∞
k=2 δv
r,ρ,l,k
i
∼ √l − 1 + 1√
l
(28)
for all 1 ≤ i ≤ n. This implies that
vr,ρ,li ∼
√
l
(
or
(
vr,ρ,li
)2
∼ l
)
, (29)
and heritage of this property renders the scheme global. We think in terms
of algorithms if we define δrli as in (22). Whatever choice is made for δr
l
i it
is an important property of the choice just made that on the original time
scale t = ρlτ we have in original time
rli
(
l∑
m=1
ρl, .
)
∼ l, (30)
where the property ρl ∼ 1l ensures that we have a linear bound on a trans-
formed time scale which is still global. This reasoning implies that there is
a global linear bound of the Leray projection term on this transformed time
scale.
For models with constant viscosity or Navier-Stokes equation models on
manifolds the control functions defined in [7, 6] are an alternative choice. Let
us remark why the choice made there is not suitable for highly degenerate
Navier Stokes equation systems. Essentially the choice in [7, 6] is of the form
δrli(τ, x) =
∫ l
l−1
∫
Rn
φli(s, y)Gl(τ − s, x− y)dyds, (31)
where Gl is the fundamental solution of
∂p
∂τ
− ρl∆p = 0 (32)
on [l − 1, l] ×Rn, and
φli = φ
l,v
i , (33)
and
φl,vi (τ, .) = −
vr,ρ,l−1i (l − 1, .)
C
for τ ∈ (l − 1, l] . (34)
The idea then is that for small time step size ρl the value of the convoluted
source term in (31) is close to the source function in (34) and the value of the
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later source function has no time step size factor ρl > 0. Since all other terms
in the equation for vr,ρ,li have the small time step size ρl as a coefficient, the
convoluted source term value dominates all the other value which determine
the growth of the increment δvr,ρ,li at time step l ≥ 1. The definition in (34)
with its minus sign ’stabilizes’ the dynamics of the controlled scheme in the
sense that for all time step numbers l ≥ 1 we get
sup
x∈Rn
∣∣vr,ρ,l−1i (l − 1, .)∣∣ ≤ C ⇒ sup
x∈Rn
∣∣vr,ρ,li (l, .)∣∣ ≤ C. (35)
Depending on the time step size we get a similar growth control for allm ≥ 2
and all multiindices α with |α| ≤ m
sup
x∈Rn
∣∣Dαxvr,ρ,l−1i (l − 1, .)∣∣ ≤ C ⇒ sup
x∈Rn
∣∣Dαx vr,ρ,li (l, .)∣∣ ≤ C. (36)
Well with a initial choice r0i which may be chosen to be r
0
i = 0, and the choice
of the increment of the control function in (31) this implies immediately
rli = r
0
i +
l∑
m=1
δrli ≤
l∑
m=1
C
C
= l, (37)
such that we have a linear global bound of the control function (at least).
This implies the existence of a global linear bound of the value function
vρ,li = v
r,ρ,l
i − ri, (38)
and this implies the existence of a global regular solution. This reasoning
cannot be applied in this simple form to the model class of highly degenerate
Navier Stokes equation systems considered in this paper because the related
Ho¨rmander type estimates involve a spatial polynomial growth factor with
respect to the spatial variables, and we need the inheritance of polynomial
decay of the value functions in time in order to ensure the scheme is a global
one.
For the highly degenerate Navier Stokes equation models considered in
this paper we may consider extended control functions. We may define the
equation for the control functions rli such that a solution for r
l
i leads to some
source terms on the right side of of (14), which are then constructed time-
step by time-step such that they control the growth of the controlled velocity
function and the control function itself. These source terms serve as ’growth
consumption terms’ for this controlled velocity function and sometimes for
the control function itself, and are denoted by φl,vi , 1 ≤ i ≤ n and φl,ri , 1 ≤
i ≤ n. For 1 ≤ i ≤ n we may define
φl,vi : [l − 1, l]× Rn → R (39)
as a consumption term for the growth of the local controlled velocity function
vr,ρ,li , and sometimes we may define for each 1 ≤ i ≤ n a continuous extension
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of the function in (39) as a growth consumption function for the control
function rli, i.e. a function
φl,ri : [l − 1, l]× Rn → R (40)
which will control the growth of the local control function rli it self. Next
on the right side of (14) we have functions vr,ρ,li which are not known at
the beginning of the construction time step l ≥ 1. However, we have the
data vr,ρ,l−1i (l− 1, .) which will turn out to be close enough to the functions
vr,ρ,li on the domain [l − 1, l] × Rn in order to do some relevant growth
estimates. Accordingly, the consumption functions φl,vi and φ
l,r
i may be
defined in terms of this information which we know at the beginning of time
step l ≥ 1, and which may determine the local growth consumption function
φli in the equation (42) below which is derived from the right side of (14) -
if we take the direct approach. We emphasize that in the following at time
step l ≥ 1 function names with superscript l − 1 are to be understood as
functions evaluated at time τ = l − 1, i.e., for problems at time step l ≥ 1
on the domain [l − 1, l]× Rn we use
vr,ρ,l−1i ≡ vr,ρ,l−1i (l − 1, .) and rl−1i = rl−1i (l − 1, .) (41)
as synonyms. A direct approach would lead to a nonlinear equation of the
form

∂rli
∂τ − ρlν
∑n
j=1
∂2rli
∂x2j
+ ρl
∑n
j=1 r
l
j
∂vr,ρ,l−1i
∂xj
+ρl
∑n
j=1 v
r,ρ,l−1
j
∂rli
∂xj
+ ρl
∑n
j=1 r
l
j
∂rli
∂xj
+ρl
∫
Rn
(
∂
∂xi
Kn(x− y)
)∑n
j,k=1
(
∂vr,ρ,l−1
k
∂xj
∂vr,ρ,l−1j
∂xk
)
(l − 1, y)dy
−2ρl
∫
Rn
(
∂
∂xi
Kn(x− y)
)∑n
j,k=1
(
∂vr,ρ,l−1
k
∂xj
(l − 1, y) ∂r
l
j
∂xk
(τ, y)
)
dy
−ρl
∫
Rn
(
∂
∂xi
Kn(x− y)
)∑n
j,k=1
(
∂rl
k
∂xj
∂rlj
∂xk
)
(τ, y)dy = φli,
rl(l − 1, .) = rl−1(l − 1, .).
(42)
If the source term φli is chosen appropriately, then the control system in
(42) is a possible construction, since we can solve such equations which
are similar to the original Navier Stokes equation locally. Another direct
possibility, preferable from an algorithmic point of view, is a linearisation.
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This turns out to be sufficient and is certainly preferable from a constructive
and from an algorithmic point of view. A simple choice may be the equation

∂rli
∂τ − ρlν
∑n
j=1
∂2rli
∂x2j
+ ρl
∑n
j=1 r
l−1
j
∂vr,ρ,l−1i
∂xj
+ρl
∑n
j=1 v
r,ρ,l−1
j
∂rl−1i
∂xj
+ ρl
∑n
j=1 r
l−1
j
∂rl−1i
∂xj
+ρl
∫
Rn
(
∂
∂xi
Kn(x− y)
)∑n
j,k=1
(
∂vr,ρ,l−1
k
∂xj
∂vr,ρ,l−1j
∂xk
)
(l − 1, y)dy
−2ρl
∫
Rn
(
∂
∂xi
Kn(x− y)
)∑n
j,k=1
(
∂vr,ρ,l−1
k
∂xj
(l − 1, y)∂r
l−1
j
∂xk
(l − 1, y)
)
dy
−ρl
∫
Rn
(
∂
∂xi
Kn(x− y)
)∑n
j,k=1
(
∂rl−1
k
∂xj
∂rl−1j
∂xk
)
(l − 1, y)dy = φli,
rl(l − 1, .) = rl−1(l − 1, .).
(43)
As we get local contraction results for the local higher order correction terms
δvr,ρ,l,ki , k ≥ 2 it makes sense to define the control function such that it
compenates the first increments δvr,ρ,l,1i = v
r,ρ,l,1
i − vr,ρ,l−1i (l − 1, .), as we
discussed above. Since the control function rli is chosen once at each time
step and with the notation as in (24) and (25) we have
δvr,ρ,l,ki = δv
ρ,l,k
i for k ≥ 2, (44)
if we understand that in a slight abuse of notation- as we discussed above-
δvρ,l,ki = δv
rl−1,ρ,l,k
i (45)
This has the advantage that we can do the local analysis essentially without
the control function, because at time step l it appears only in the data
vr,ρ,l−1i (l− 1, ) and rl−1i (l− 1, .)- this will change the higher correction terms
δvr
l−1,ρ,l,k
i in general but the form of the equation which determine them
is the same as in the uncontrolled case. We then choose the increment δrli
such that the increment of the controlled velocity function is controlled. We
did that in [10] and consider which kind of control functions may be chosen.
Since we are interested in growth control with respect to time it is natural
to consider the equation for the incremental functions
δrli := r
l
i − rl−1i (l − 1, .). (46)
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If we look at the direct approach, then equation (43) becomes

∂δrli
∂τ − ρlν
∑n
j=1
∂2δrli
∂x2j
= −ρl∆rl−1i (l − 1, .)− ρl
∑n
j=1 r
l−1
j
∂vr,ρ,l−1i
∂xj
−ρl
∑n
j=1 v
r,ρ,l−1
j
∂rl−1i
∂xj
− ρl
∑n
j=1 r
l−1
j
∂rl−1i
∂xj
−ρl
∫
Rn
(
∂
∂xi
Kn(x− y)
)∑n
j,k=1
(
∂vr,ρ,l−1
k
∂xj
∂vr,ρ,l−1j
∂xk
)
(l − 1, y)dy
+2ρl
∫
Rn
(
∂
∂xi
Kn(x− y)
)∑n
j,k=1
(
∂vr,ρ,l−1
k
∂xj
(l − 1, y)∂r
l−1
j
∂xk
(l − 1, y)
)
dy
+ρl
∫
Rn
(
∂
∂xi
Kn(x− y)
)∑n
j,k=1
(
∂rl−1
k
∂xj
∂rl−1j
∂xk
)
(l − 1, y)dy + φli,
δrl(l − 1, .) = 0.
(47)
Note that except for φli all the terms on the right side of (47) have a factor
ρl which represents a small time step size at time step l ≥ 1. For the higher
order correction terms of the converging functional series contraction results
show that the source term φli can dominate these corrections. Furthermore,
except for first term on the right side of the first equation in (47) all terms
on the right side of the first equation in (47) involve products of controlled
velocity functions vr,ρ,l−1m and control functions rlm and/or spatial derivatives
of these functions. In order to design a scheme which preserves a certain
degree of polynomial decay it is useful to have representations for the ap-
proximating increments δvr,ρ,l,ki and δr
l
i which involve only such products.
Next we discuss a list of control functions. Each of them can be used in order
to prove that the corresponding controlled Navier-Stokes equation scheme is
global. We do not repeat the control functions of the direct approach above,
but let is remark that the list of simple control functions below (simple com-
pared to the direct approach) lead to schemes which are closely linked to
the direct approach, i.e., the difference is small at each time step l ≥ 1 of
the scheme due to the small time step size ρl > 0. Especially, if we add a
source function φli in the following list of control functions for the classical
model, then we convolute it with the ’Gaussian’ Gl and this means that in
the equation for the controlled velocity functions vr,ρ,li the terms
∂
∂τ
rli − ρl∆rli (48)
equals a source term plus additional function terms with coefficient ρl. The
direct approach is a little cumbersome to write down, and we do not need
so much formal complexity. We mention only several possibilities of control
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functions which can be used in the case of the more general equation system
below as well. The control functions are defined with respect to the clas-
sical Navier Stokes equation model, but they list for the generalised highly
degenerate model can be obtained by replacement of the ’Gaussian’ density
Gl by the Ho¨rmander density G
l
H (cf. below).
i) We may define for (τ, x) ∈ (l − 1, l] × Rn
δrli(τ, x) = −δvr,ρ,l,1i (τ, x) +
∫ τ
l−1
φli(s, y)Gl(τ − s, x− y)dyds, (49)
where Gl is the fundamental solution of
∂p
∂τ
− ρl∆p = 0 (50)
on [l − 1, l]× Rn, and
φli = φ
l,v
i + φ
l,r
i , (51)
along with
φl,ri (τ, .) = 0 for τ ∈ (l − 1, l] , (52)
and
φl,vi (τ, .) = −
vr,ρ,l−1i (l − 1, .)
C
for τ ∈ (l − 1, l] . (53)
ia) A variation of i) is the choice
δrli(τ, x) =
∫ τ
l−1
φli(s, y)Gl(τ − s, x− y)dyds, (54)
with φli as in i). This possibility is denoted as a subitem because
it works for the situation of Navier Stokes equation with constant
viscosity or the classical Navier Stokes equation on manifolds, but it
does not work for highly degenerate Navier Stokes equations considered
in this paper in general.
ii) As we explained above we may also consider the simplified control
function
δrli = −δvr,ρ,l,1i (55)
iii) In [10] we defined for (τ, x) ∈ [l − 1, l] ×Rn
δrli(τ, x) = −δvr,ρ,l,1i (τ, x) +
∫ τ
l−1
φli(s, y)Gl(τ − s, x− y)dyds, (56)
where Gl is the fundamental solution of
∂p
∂τ
− ρl∆p = 0 (57)
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on [l − 1, l]× Rn, and
φli = φ
l,v
i + φ
l,r
i , (58)
along with
φl,ri (τ, .) = −
rl−1i (l − 1, .)
C2
for τ ∈ (l − 1, l] , (59)
and
φl,vi (τ, .) = −
vr,ρ,l−1i (l − 1, .)
C
for τ ∈ [l − 1, l] . (60)
In [10] we discussed this scheme for C > 1.
iv) We may also a scheme as in iii), but with the weights exchanged, i.e.,
φl,ri (τ, .) = −
rl−1i (l − 1, .)
C
for τ ∈ (l − 1, l] , (61)
and
φl,vi (τ, .) = −
vr,ρ,l−1i (l − 1, .)
C2
for τ ∈ [l − 1, l] . (62)
or a scheme without the summand φl,ri . The proof that the scheme is
global changes accordingly.
v) We mention also a fifth possibility which illustrates which terms in our
representations have to be controlled. It is sufficient to define
δrli(τ, x) = −
∫
Rn
vρ,l−1i (l − 1, y)Gl(τ, x; s, y)dy + vρ,l−1i (l − 1, x)
(63)
For the general model with Ho¨rmander diffusion discussed below the
related control function is
δrli(τ, x) = −
∫
Rn
vρ,l−1i (l − 1, y)GlH (τ, x; s, y)dy + vρ,l−1i (l − 1, x)
(64)
The simple choices ia) and ii) lead to global linear bounds of the Leray
projection term. The choice ii) was essentially considered in [6, 7] and the
choice ia) was considered in [9, 10]. A local contraction result with respect
to strong norms ensures that the time-local functional series
vr,ρ,li = v
r,ρ,l−1
i (l − 1, .) +
∞∑
k=1
δvr,ρ,l,ki (65)
converges and provides an upper bound for the growth δvr,ρ,li (l, .) = v
r,ρ,l
i (l, .)−
vr,ρ,l−1i (l−1, .). This growth scales with the time step size ρl while the source
term in ia) ∫ τ
l−1
(
−v
r,ρ,l−1
i (l − 1, .)
C
)
Gl(τ − s, x− y)dyds (66)
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has no factor ρl and is close to the integrand
(
− v
r,ρ,l−1
i (l−1,.)
C
)
as ρl becomes
small. If the modulus |vr,ρ,l−1i (l − 1, .)| becomes larger or equal to C then
this damping term dominates the growth of |δvr,ρ,li (l, .)|. Similar for strong
norms. The effect is that for a certain step size ρl an upper bound of the
controlled value function can be established of the form∣∣vr,ρ,li ∣∣C0([l−1,l]×Hm) ≤ C (67)
for somem ≥ 2. As the control function rli have a linear bound then (because
δrli ∼ 1) we get a linear global bound for the velocity functions themself.
The idea of the control function in ii) is different. It focuses on the idea to
get a global linear bound of the Leray projection term. The idea is that the
local contraction result may be refined such that with the special choice of
δrli as in ii) the growth of
vr,ρ,li = v
r,ρ,l−1
i +
∑∞
k=2 δv
r,ρ,l,k
i , 1 ≤ i ≤ n, (68)
is bounded by some constant ∼
√
l while the control function growth again
linearly with respect to the time step number. The analysis can be done
if we interpret the scheme in (188) as a scheme which involves the control
function, but we mention that in our notation with (24) and (25) we may
write
vr,ρ,li = v
r,ρ,l−1
i +
∑∞
k=2 δv
ρ,l,k
i , 1 ≤ i ≤ n, (69)
which simplifies the analysis a bit (again for the increments on the right side
we suppressed the upper inde rl−1). Note that in the limit a representation
(69) leads to the same result as a limit in (188) even if we interpret the latter
as a representation of the direct approach.
The preceding considerations lead to a linear bound of the Leray pro-
jection term and hence to global existence. The other alternatives are re-
finements. The possibility in iii) is a refinement of ia). We shall see that
we can still get an upper bound for the controlled value function vr,ρ,li while
the additional summand can ensure that the control function it self has an
upper bound which is independent of the time step number l ≥ 1. This leads
to a global uniform upper bound. We shall have a closer look at this below.
All these ideas can be applied with some additional modifications to a
more general class of models. Next we shall define this more general class
of equation systems. Recall that an operator L with C∞ coefficients, and
defined on an open set Ω ⊆ Rn is called hypoelliptic if any distribution
u on Ω which solves Lu = f for some f ∈ C∞ is itself in C∞. Here,
the function space C∞ denotes the set of smooth functions as usual. This
definition applies to scalar equations, but we may generalize this and define
similar concepts for vector-valued equation straightforwardly. However, in
this paper we are only interested in a nonlinear coupling of linear second
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order equations where the linear second order part (including the first order
terms) satisfies a hypoellipticity condition. For positive natural numbers
m,n consider a matrix-valued function
x→ (vqji)n,m(x), 1 ≤ j ≤ n, 0 ≤ i ≤ m (70)
on Rn, and m smooth vector fields
Vi =
n∑
j=1
vji(x)
∂
∂xj
, (71)
where 0 ≤ i ≤ m. Ho¨rmander showed in the scalar case that a density exists
if the following condition is satisfied: for all x ∈ Rn we have
Hx = R
n, (72)
where
Hx := span
{
Vi(x), [Vj, Vk] (x), [[Vj , Vk] , Vl] (x),
· · · |1 ≤ i ≤ m, 0 ≤ j, k, l, · · · ≤ m
}
.
(73)
Here [., .] denotes the Lie bracket of vector fields as usual. More precisely,
Ho¨rmander showed that (given 1 ≤ q ≤ n) the distributional Cauchy prob-
lem 

∂u
∂t =
1
2
∑m
i=1 V
2
i u+ V0u
u(0, x; y) = δy(x),
(74)
has a smooth solution on (0,∞) × Rn. Here δy(x) = δ(x − y) is the Dirac
delta distribution shifted by the vector y ∈ Rn. For coefficient functions
bi ∈ C∞b , where the latter function space C∞b denotes the function space of
smooth functions with bounded derivatives, consider an additional vector
field
VB [v] :=
n∑
j=1
Bj(x)vj
∂
∂xj
, (75)
Definition 1.2. Let n ≥ 3
D = {(x, y) ∈ Rn × Rn|x = y} . (76)
We say that the function
Kelln ∈ C∞ ((Rn × Rn) \D) (77)
is an elliptic kernel if
Kelln ∈ O
(|x− y|2−n) , Kelln,i ∈ O (|x− y|1−n) . (78)
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It may be that kernels of linear elliptic equation satisfy stronger assump-
tions than those of (1.2), but these assumptions represent what we need. In
this paper we establish global scheme for the Cauchy problem

∂vi
∂t − 12
∑m
j=0 V
2
j vi + VB [v] vi
=
∫
Rn
(
∂
∂xi
Kelln (x− y)
)∑n
j,k=1
(
cjk
∂vk
∂xj
∂vj
∂xk
+
∑n
j,k=1 dj
∂vi
∂xk
)
(t, y)dy,
v(0, .) = h,
(79)
where Kell is an elliptic kernel. The treatment of this class of equations
in (79) can be applied for global schemes for incompressible Navier Stokes
equations on manifolds. Furthermore the class represented in (79) includes
a class of incompressible Navier Stokes equations with variable viscosity.
The degree of global regularity which we obtain depends on the degree of
polynomial decay of the initial data hi in relation to certain polynomial
growth behavior of a priori estimates of Ho¨rmander diffusions. It seems
that these a priori estimates were obtained in full generality in [15]. We
note that the integral term may be extended but the form given in (79)
is an essential step, as it is possible to treat Navier Stokes equations on
Riemannian manifolds and Navier-Stokes equations with variable viscosity
or versions of compressible fluid models based on the global scheme for (79)
proposed in this paper. Next we recall the estimates in [15] and describe
the global scheme for the system in (79). In [15] the Ho¨rmander diffusions
are described in probabilistic terms. The result of [15] can be summarized
as follows.
Theorem 1.3. Consider a d-dimensional difffusion process of the form
dXt =
d∑
i=1
σ0i(Xt)dt+
d∑
j=1
σij(Xt)dW
j
t (80)
with X(0) = x ∈ Rd with values in Rd and on a time interval [0, T ], and
where Wj , 1 ≤ j ≤ n denotes a standard Brownian motion. Assume that
σ0i, σij ∈ C∞lb . Then the law of the process X is absolutely continuous with
respect to the Lebesgue measure, and the density p exists and is smooth, i.e.
p : (0, T ]× Rd × Rd → R ∈ C∞ ((0, T ]× Rd × Rd) . (81)
Moreover, for each nonnegative natural number j, and multiindices α, β there
are increasing functions of time
Aj,α,β, Bj,α,β : [0, T ]→ R, (82)
and functions
nj,α,β,mj,α,β : N× Nd ×Nd → N, (83)
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such that ∣∣∣∣∣ ∂j∂tj ∂|α|∂xα ∂|β|∂yβ p(t, x, y)
∣∣∣∣∣
≤ Aj,α,β(t)(1+x)
mj,α,β
t
nj,α,β exp
(
−Bj,α,β(t) (x−y)
2
t
) (84)
Moreover, all functions (82) and (83) depend on the level of iteration of
Lie-bracket iteration at which the Ho¨rmander condition becomes true.
The theorem in (1.3) is also sometimes formulated in a probabilistic
manner. We note
Corollary 1.4. In the situation of (1.3) above, solution Xxt starting at x is
in the standard Malliavin space D∞, and there are constants Cl,q depending
on the derivatives of the drift and dispersion coefficients such that for some
constant γl,q
|Xxt |l,q ≤ Cl,q(1 + |x|)γl,q . (85)
Here |.|l,q denotes the norm where derivatives up to order l are in Lq (in the
Malliavin sense).
Note the polynomial dependence on x of the factor
Aj,α,β(t)(1 + x)
mj,α,β
tnj,α,β
(86)
compared to the case of constant viscosity, and it is a motivation for our
definition of the control function above where we have the Laplacian of the
controlled velocity function vr,ρ,li on the right side of the equation for the
increment of the control at time step l ≥ 1. For our purposes we need an
additional observation which follows from the considerations of in [5] and
in [15]. We shall also consider this local behavior of spatial derivatives of
Ho¨rmander type densities in [13]. We remark that adjoint densities p∗ of
densities p satisfying a linear parabolic equation Local adjoints of densities,
and which satisfy
p(t, x; s, y) = p∗(s, y; t, x) (87)
can be constructed locally for Ho¨rmander type densities as well. This follows
from our construction in [13] as a Corollary to the theorem above. In our
scheme we can make a similar use of this adjoints as we did in the case of
strictly parabolic equations in [9], as there are similar weakly singular upper
bounds for the density and its first spatial derivatives (also as a consequence
of [13]).
Next we describe a global controlled scheme for the equation system in
(79). We describe the scheme incorporating the control function from the
beginning. We start with the description of the local scheme. We assume
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that vr,ρ,l−1i (l − 1, .). Locally on the domain [l − 1, l] × Rn and knowing
vr,ρ,l−1(l − 1, .) we have to solve for vρ,l the equation

∂vρ,li
∂τ − ρl 12
∑m
j=0 V
2
j v
ρ,l
i + ρlVB
[
vρ,l
]
vρ,li
= ρl
∫
Rn
∑n
j,m=1
(
cjm
∂vρ,lm
∂xj
∂vρ,lj
∂xm
)
(τ, y) ∂∂xiK
ell
n (x− y)dy,
vρ,l(l − 1, .) = vr,ρ,l−1(l − 1, .).
(88)
We then denote vr,ρ,li = v
ρ,l
i + δr
l
i for 1 ≤ i ≤ n, where the increment δrli is
chosen once at the start of time step l ≥ 1. At the beginning of time step
l ≥ 1 we compute the series
vρ,li = v
ρ,l,1
i +
∞∑
k=1
δvρ,l,k+1i , 1 ≤ i ≤ n, (89)
where vρ,l,1i solves

∂vρ,l,1i
∂τ − ρl 12
∑m
j=0 V
2
j v
ρ,l,1
i =
−ρlVB
[
vρ,l−1(l − 1, .)] vρ,l−1i (l − 1, .)+
ρl
∫
Rn
∑n
j,m=1
(
cjm
∂vρ,l−1m
∂xj
(l − 1, .)∂v
ρ,l−1
j
∂xm
(l − 1, .)
)
(τ, y) ∂∂xiK
ell
n (x− y)dy,
vρ,1,l(l − 1, .) = vr,ρ,l−1(l − 1, .).
(90)
Furthermore, for k ≥ 1 the functional increments δvρ,l,k+1i = vρ,l,k+1i −
vρ,l,ki , 1 ≤ i ≤ n solve

∂δvρ,l,k+1i
∂τ − ρl 12
∑m
j=0 V
2
j δv
ρ,l,k+1
i =
−ρlVB
[
vρ,l,k
]
δvρ,l,ki − ρlVB
[
δvρ,l,k
]
vρ,l,ki
ρl
∫
Rn
Kelln,i (x− y)
((∑n
j,m=1 cjm
(
vρ,l,km,j + v
ρ,l,k−1
m,j
)
(τ, y)
)
δvρ,l,kj,m (τ, y)
)
dy
δvρ,l,k+1(l − 1, .) = 0,
(91)
and where δvρ,l,1j = v
ρ,l,1
j − vρ,l,0 := vρ,l,1j − vr,ρ,l−1i (l − 1, .). Note that
δvρ,l,1j = v
ρ,l,1
j − hj at the first time-step (if we choose r0i ≡ 0. We shall
prove a local contraction result for the increments of this scheme, where we
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generalise considerations in [9] and [10]. This leads to a local existence result
of regular solutions. Note the at time step l approximating solution can be
represented in terms of the fundamental solution (or density) of
∂vρ,li
∂τ
− ρl 1
2
m∑
j=0
V 2j v
ρ,l
i = 0. (92)
on [l−1, l]×Rn, which we denote by GlH . The global scheme solves a system
for the regular control function r = (r1, · · · , rn)T : [0,∞) × Rn → Rn, and
an equation for the controlled velocity function
vr := v + r. (93)
We need not solve the equations for this controlled velocity function directly,
but it can be done. In any case the construction is done time-step by time
step on domains [l − 1, l] × Rn, l ≥ 1, where for 1 ≤ i ≤ n the restriction
of the control function component ri to [l − 1, l]×Rn is denoted by rli. The
local functions vr,ρ,li with v
r,ρ,l
i (τ, x) = v
r,l
i (t, x) are defined inductively on
[l − 1, l]×Rn along with the control function rl via the Cauchy problem for
vr,ρ,l =
(
vρ,l1 + r
l
1, · · · vρ,ln + rln
)T
, (94)
which satisfies the equation

∂vr,ρ,li
∂τ − ρl 12
∑m
j=0 V
2
j v
r,ρ,l
i − ρlVB
[
vr,ρ,l
]
vr,ρ,li =
∂rli
∂τ − ρl 12
∑m
j=0 V
2
j r
l
i − ρlVB
[
vr,ρ,l
]
rli − ρlVB
[
rl
]
vr,ρ,li + ρlVB
[
rl
]
rli
+ρl
∫
Rn
(
∂
∂xi
Kelln (x− y)
)∑n
j,k=1
(
cjk
∂vr,ρ,l
k
∂xj
∂vr,ρ,lj
∂xk
)
(τ, y)dy
−2ρl
∫
Rn
(
∂
∂xi
Kelln (x− y)
)∑n
j,k=1
(
cjk
∂vr,ρ,l
k
∂xj
∂rlj
∂xk
)
(τ, y)dy
−ρl
∫
Rn
(
∂
∂xi
Kelln (x− y)
)∑n
j,k=1
(
cjk
∂rl
k
∂xj
∂rlj
∂xk
)
(τ, y)dy,
vr,ρ,l(l − 1, .) = vr,ρ,l−1(l − 1, .).
(95)
For 1 ≤ i ≤ n the choice of the control function rli is mainly determined by
the choice of two source functions
φl,vi : [l − 1, l)× Rn → R,
φl,vi : [l − 1, l)× Rn → R.
(96)
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Remark 1.5. It is a matter of taste whether we define the source function
on the closed intervals [l − 1, l] or on the half open intervals [l − 1, l). The
latter definition may be chosen in order to avoid ’overlaps’. However, since
the functions involved are regularly bounded the time integral over the the
closed interval and the half open interval lead to the same result.
Similar as described in the case of the classical Navier Stokes equation
described above these source functions are related to the source functions
φli, and there are different possibilities to introduce this relation. A direct
approach is via the equation

∂rli
∂τ − ρl 12
∑m
j=0 V
2
j r
l
i − ρlVB
[
vr,ρ,l−1
]
rl−1i
−ρlVB
[
rl−1
]
vr,ρ,l−1i + ρlVB
[
rl−1
]
rl−1i
+ρl
∫
Rn
(
∂
∂xi
Kelln (x− y)
)∑n
j,k=1
(
cjk
∂vr,ρ,l−1
k
∂xj
∂vr,ρ,l−1j
∂xk
)
(l − 1, y)dy
−2ρl
∫
Rn
(
∂
∂xi
Kelln (x− y)
)∑n
j,k=1
(
cjk
∂vr,ρ,l−1
k
∂xj
(l − 1, y)∂r
l−1
j
∂xk
(l − 1, y)
)
dy
−ρl
∫
Rn
(
∂
∂xi
Kelln (x− y)
)∑n
j,k=1
(
cjk
∂rl−1
k
∂xj
∂rl−1
j
∂xk
)
(l − 1, y)dy = φli,
rl(l − 1, .) = rl−1(l − 1, .).
(97)
At this point where we have to determine or choose the source functions φli
it is important to note that Ho¨rmander type diffusions do not preserve a
polynomial decay of a certain order in general. Note again the polynomial
growth factor in (85).
Again we emphasize that the local contraction results for the local higher
order correction terms δvr,ρ,l,ki lead us to define the control function such
that it compensates the first increments δvr,ρ,l,1i = v
r,ρ,l,1
i − vr,ρ,l−1i (l − 1, .).
This is indeed sufficient in order to define a global scheme, i.e., to get a
linear upper bound of the Leray projection term for the controlled scheme
on a transformed time scale. We have indicated the reasons for the classical
Navier Stokes equation above. We shall show that the definition
δrli := r
l
i − rl−1i (l − 1, .) = −δvρ,l,1i = −
(
vρ,l,1i − vr,ρ,l−1i (l − 1, .)
)
(98)
leads to a global scheme for the generalized systems of equations considered
in this paper, if the conditions of a certain local contraction result are satis-
fied. These conditions are a bit stronger than the conditions we needed for
the local contraction result in [9] and [10]. We then extend the definition in
22
(99), where we add source functions
δrli := r
l
i − rl−1i (l − 1, .) = −δvρ,l,1i = −
(
vρ,l,1i − vr,ρ,l−1i (l − 1, .)
)
+
∫ τ
l−1 φ
l
i(s, y)GH (τ − s, x− y)dyds,
(99)
where GH is the fundamental solution [l − 1, l] × Rn of the Ho¨rmander
diffusion
∂u
∂t =
1
2
∑m
i=1 V
2
i u+ V0u. (100)
We have remarked that the direct definition of a control function avoids a
solution of an equation for the control function. We just define
φli(τ, x) = φ
l,v
i (τ, x) + φ
l,r
i (τ, x) (101)
where
φl,ri (τ, .) = −
rl−1i (l − 1, .)
C
for τ ∈ [l − 1, l) , (102)
and
φl,vi (τ, .) = −
vr,ρ,l−1i (l − 1, .)
C2
for τ ∈ [l − 1, l) . (103)
In order to prove convergence of the global scheme for Navier Stokes
equation models with Ho¨rmander diffusion we use function spaces of poly-
nomial decay. This is due to the polynomial growth factor with respect
to the spatial variables for a priori estimates of the density. This factor
appears in the Kusuoka Stroock estimate and cannot be avoided. We say
that a function g ∈ C∞ (Rn) has polynomial decay of order m > 0 up to
derivatives of order p > 0 at infinity if for all multiindices α = (α1, · · · , αn)
with order |α| :=∑ni=1 αi ≤ p we have
|Dαx g(x)| ≤
Cα
1 + |x|m (104)
for some finite constants Cα. The following existence result is closely related
to the Gaussian a priori estimate in (84). As we shall see in detail in the
proof the reason is that for β = 0 the estimate∣∣∣∣∣ ∂j∂tj ∂|α|∂xα p(t, x, y)
∣∣∣∣∣ ≤ Aj,α,0(τ)(1+x)
mj,α,0
tnj,α,0
exp
(
−Bj,α,0(τ) (x−y)
2
τ
)
(105)
has, compared to usual Gaussian estimates of fundamental solution of op-
erators with strictly elliptic spatial part, an additional factor (1 + x)mj,α,0 ,
and any global scheme has to compensate this factor of polynomial growth.
Note that this factor appears naturally in the estimates as we have shown
in our alternative construction of the result in [13].
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Theorem 1.6. Assume that the initial data hi ∈ C∞, 1 ≤ i ≤ n satisfy a
polynomial decay condition, where for an integer p ≥ 2 and for |α| ≤ p
∣∣Dαxhi(x)∣∣ ≤ C1 + |x|q (106)
for
q ≥ max
j,|α|≤p
{nj,α,0, 3mj,α,0}+ 2n+ 2 (107)
Furthermore, assume that the vector fields Vi, 0 ≤ i ≤ n satisfy the Ho¨rman-
der condition (72). Then the Cauchy problem in (79) has a global solution
v = (v1, · · · , vn)T with vi ∈ Cp ([0,∞) ×Rn).
The structure of the proof of this theorem is as follows. The local con-
traction result stated in the next section and proved in the last section of
this paper implies the existence of local regular solutions (as we shall observe
at the end of this section). Then for different types of dynamically defined
control functions listed above we get for the control function ii) a linear
upper bound for the Leray projection term of the controlled Navier Stokes
equation system and a linear upper bound for the control function, or for
the control function i) a linear upper bound for controlled value functions of
the Navier Stokes equation system and a linear upper bound of the control
function. For the choice in iii) we can improve this in order to get a global
upper bound which is independent of the time step number, and therefore
a global uniformly bounded regular solution. Similar for the method in iv).
At the end of this section we consider the announced consequence of
local regular existence of the local contraction result.
We consider the inductive construction of local regular solutions on
[l − 1, l] × Rn by the local scheme above. At each time step l ≥ 1 hav-
ing constructed vρ,l−1i (l − 1, .) ∈ Cm ∩Hm for m ≥ 2 at time step l − 1 (at
l = 1 these are just the initial data hi), as a consequence of local contraction
below with respect to the norm |.|C1((l−1,l),Hm) for m ≥ 2 we a have a time-
local pointwise limit v∗,ρ,li (τ, .) = v
∗,ρ,l−1
i (τ, .)+
∑∞
k=1 δv
ρ,l,k
i (τ, .) ∈ Hm∩Cm
for all 1 ≤ i ≤ n, where for n = 3 we haveH2 ⊂ Cα uniformly in τ ∈ [l−1, l].
For higher dimension the contraction has to be established at least form ≥ n2
accordingly. Furthermore the functions of this series are even locally con-
tinuously differentiable with respect to τ ∈ [l − 1, l] and hence Ho¨lder con-
tinuous with respect to time. Note that a local contraction below with
respect to the norm |.|C0((l−1,l),Hm) is sufficient for our purposes as we may
prove that the first order time derivative ∂∂τ v
ρ,l,k
i (τ, .) exist in H
m as well
for appropriate m (m > 52 is sufficient for n = 3) a consequence of the
product rule for Sobolev spaces. We observe that vρ,l,ki (τ, .) ∈ Hm can be
obtained inductively for all k for each given m ≥ 2 and this leads to full
local regularity of the limit function of the local scheme. If we plug in the
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approximating function vρ,l,ki (τ, .) into the local incompressible highly de-
generate Navier-Stokes equation system in its the Leray projection form in
(79), then from (9) and from limk↑∞ δv
ρ,l,k
j (τ, x) = 0 and limk↑∞
∂δvρ,l,ki
∂xj
= 0
for all (τ, x) ∈ [l− 1, l]×Rn pointwise by our local contraction result we get

limk↑∞
∂δvρ,l,k+1i
∂τ − ρl 12
∑m
j=0 V
2
j δv
ρ,l,k+1
i =
− limk↑∞ ρlVB
[
vρ,l,k
]
δvρ,l,ki − ρlVB
[
δvρ,l,k
]
vρ,l,ki
ρl limk↑∞
∫
Rn
Kelln,i (x− y)
(
cjm
(∑n
j,m=1
(
vρ,l,km,j + v
ρ,l,k−1
m,j
)
(τ, y)
)
δvρ,l,kj,m (τ, y)
)
dy = 0
limk↑∞ δvρ,l,k+1(l − 1, .) = 0,
(108)
which implies that limk↑∞ δvρ,l,k+1 = 0 and similar for spatial derivatives up
to second order. Hence, the functions vρ,li = v
ρ,l
i +
∑∞
k=1 δv
ρ,l,k
i satisfy a local
form of the equation in (79) in a classical sense. Higher regularity of local
solutions can be obtained then considering equations for the derivatives.
This can be shown also directly by deriving equations for vρ,l,ki plugging this
into the equation system in (79), and estimating the deficit on the right side
by an expression in terms of functional increments which then go to zero as
the local iteration index goes to infinity.
2 Statement of local contraction result
It is essential to prove local contraction results with respect to the local
norms ∣∣f ∣∣l
C0((l−1,l),Hm) := sup
τ∈(l−1,l)
∑
|α|≤m
∣∣∣Dαxf(τ, .)∣∣∣
L2(Rn)
(109)
for somem ≥ 2. In the case of a generalized model we need to state the local
contraction results with respect to the higher order correction terms, i.e., the
terms δvr,ρ,l,ki for k ≥ 2. For the first order increment δvρ,l,1i we may loose
some order of polynomial decay in the estimate due to natural estimates of
the Ho¨rmander density. We emphasize that we consider here the indirect
approach: at each time step l ≥ 1 we assume that the controlled functions
vr,ρ,l−1i are determined (hence especially the initial data v
r,ρ,l−1
i (l − 1, .) at
time step l ≥ 1 of our scheme, and we determine a local solution
vρ,li = v
r,ρ,l−1
i (l − 1, .) +
∞∑
k=1
δvρ,l,ki , (110)
where we have a contraction result for the higher order terms δvρ,l,ki for k ≥ 2
and 1 ≤ i ≤ n. In the indirect approach we determine a the local solution of
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the incompressible Navier Stokes equation starting with controlled function
data vr,ρ,l−1i (l−1, .) but without further involvement of the control function,
i.e., involvement of the control function rli(τ, .) for τ > l − 1 in the first
substep, i.e., we determine
vρ,li := v
ρ,l,1
i +
∞∑
j=2
δvρ,l,ki (111)
where δvρ,l,1i solves (24) and the functional increments δv
ρ,k+1,l
i = v
ρ,k+1,l
i −
vρ,k,li , 1 ≤ i ≤ n then solve the equation (25). Then in this scheme we define
vr,ρ,l,1i := v
ρ,l,1
i + δr
l
i, (112)
and in general for the approximation of order k ≥ 2
vr,ρ,l,ki := v
ρ,l,k
i + δr
l
i, (113)
as we have rl−1i (l − 1, .) in the definition of vρ,l,1i (via equation (24)), and
where the increment δrli = r
l
i−rl−1i is chosen at each time step such that the
control function and the controlled value function have at most linear growth
with respect to the time step number in transformed time coordinates. For
the direct approach mentioned in the introduction we would have to establish
local contraction results for controlled functions vr,ρ,l,ki , where the equation
for δvr,ρ,l,ki involves a relation of the control function and the subiteration
index k ≥ 1. This is much more cumbersome (although possible). Note that
we choose the control functions in general such that the increment of the first
substep δvr,ρ,l,1i is cancelled. The indirect construction mentioned allows us
to establish a contraction result without referring to a control function and
then use this contraction result in the controlled scheme. We need some
assumption on the initial data. At time step l ≥ 1 and for a given order of
the norm m ≥ 2 we assume that from the previous time step l − 1 there is
a constant C l−1 such that∑
|α|≤m
sup
x∈Rn
∣∣Dαxvr,ρ,l−1i (l − 1, x)∣∣ ≤ C l−11 + |x|q , (114)
i.e., the function Dαxv
r,ρ,l−1
i (l−1, .) satisfy polynomial decay for 0 ≤ |α| ≤ m
of order q = 3m0,α,0 + 2n + 2, where the former integer m0,α,0 is from the
statement of the Kusuoka-Stroock a priori estimate above.
Remark 2.1. For some schemes in our list, notably for the scheme in ii)
the constant C l depends on the time step number l ≥ 1, i.e., we have the
inductive assumption
|vr,ρ,l−1i (l − 1, .)|2H2 ≤ C l−1 = C + (l − 1)C (115)
for some C > 0. We shall observe that for the scheme iii) in our list C l can
be chosen independent of the time step number l ≥ 1.
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The strong assumption of polynomial decay and the inheritance of poly-
nomial decay of the schemes observed in the next section simplify the rea-
soning for local contraction. At each local iteration step k ≥ 1 at time step
l ≥ 1 we use upper bounds for classical representations of δvρ,l,k+1i which
are convolutions. These convolutions may then be estimated by a Young
inequality of the form ∣∣f ∗ g∣∣
Lr
≤ ∣∣f ∣∣
Lp
∣∣g∣∣
Lq
, (116)
where 1 + r−1 = p−1 + q−1 for some 1 ≤ p, q, r ≤ ∞. We shall use in-
ductive information about polynomial decay of the value function at the
previous time step, i.e., information as in (123) below. Some terms in the
representation of δvρ,l,k+1 appear also in the associated multivariate Burg-
ers equation. Next to estimates for the Ho¨rmander density these terms are
naturally estmated using the constant
CmB ∼
∑
|α|≤m
max
i∈{1,··· ,n}
sup
y∈Rn
∣∣DαyBi(y)∣∣. (117)
Similarly, we define
Cmij ∼
∑
|α|≤m
max
i∈{1,··· ,n}
sup
y∈Rn
∣∣Dαy cij(y)∣∣. (118)
The Leray projection terms are a little more complicated. The upper bound
we use are double convolutions. We may use local L1-estimates for an upper
bound of a truncated Ho¨rmander density, and this leads to the requirement
of L2-estimates of the convolution involving (first order derivatives) of the
Laplacian kernel or its natural generalisation and products of local approxi-
mating value functions and functional increments. Upper bounds of the local
Ho¨rmander density GlH leave us with L
2 estimates of convolutions involving
first order derivatives of (generalised) Laplacian kernels and products of ap-
proximating value functions. As we have polynomial decay of the latter via
inheritance of polynomial decay and the inductive assumption of polynomial
decay, it is natural to estimate this ’inner’ convolution by a combination of
Young inequalities and weighted product estimates of L2 norms. We may
use estimates of the form where for s > n2 we have a constant Cs > 0 such
that for all x ∈ Rn the function
u(x) :=
∫
Rn
(1 + |y|2)−s/2v(x− y)w(y)dy (119)
with functions v,w ∈ L2 satisfies
|u|L2 ≤ Cs|v|L2 |w|L2 . (120)
Without loss of generality we may assume that Cs ≥ 1. For s = n2 + 1 this
leads to the natural constant
CK ∼ max
i∈1,··· ,n
∫
Rn
∣∣Kn,i(.− y)∣∣ 1
1 + |y|n dy. (121)
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The proportionality in CK is a finite constant dependent on dimension,
the maximal order m of derivatives considered. As we indicated L1-upper
bounds of the density GlH and its first order spatial derivatives are related
to another estimation constant CG, i.e.,
CG is related to
∣∣GlH,i∣∣L1×H1 . (122)
Upper bounds of the right side in case of the local Gaussian are well known.
For the Ho¨rmander density consider our discussion below and in [13]. We
have the following local contraction result.
Theorem 2.2. Let n ≥ 3. Assume that for 1 ≤ i ≤ n and m ≥ 2 and
multiindices α with |α| ≤ 2 we have such that for all x ∈ Rn
∣∣Dαxvρ,l−1i (l − 1, x)∣∣ ≤ C l−11 + |x|q (123)
for
q ≥ max
|α|≤m
{2,mj,α,0}+ 2n + 2. (124)
Then we have local contraction results with respect to the C0 ×H2m-norm
ρl ≤ 1
c(n)
((
2CmB CG + CK
∑n
j,p=1C
m
jp
)
2 (C l−1 + 1)
) (125)
(along with CG, CK and Cs defined above) for k ≥ 2 we have
maxi∈{1,··· ,n} |δvρ,l,ki |C0((l−1,l),Hm) ≤ 12√l maxi∈{1,··· ,n} |δv
ρ,l,k−1
i |C0((l−1,l),Hm),
(126)
and for k = 1 and ρl small enough we have
maxi∈{1,··· ,n} |δvρ,l,1i |C0((l−1,l),Hm)
= maxi∈{1,··· ,n} |vρ,l,1 − vρ,l−1(l − 1, .)|C0((l−1,l),Hm) ≤ 14 .
(127)
If
q ≥ max
j≤m,|α|≤2m
{nj,α, 3mj,α,0}+ 2n+ 2. (128)
then an analogous contraction result with respect to the |.|Hm,∞×H2m norm
holds, and with a time step size ρl proportional to (276) holds, where the
proportional constant depends only on the dimension, the order 2m, and an
additional constant related to estimation of products of functions by their
factors in Sobolev spaces.
Remark 2.3. Note that the right side of (127) is not zero even if we choose
rli as in ii) (cf. our remark above that the meaning of the control function
superscript depends on the time step number l).
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3 Inheritance of polynomial decay for the higher
order correction terms in the local scheme
At each time step l ≥ 1 having determined vr,ρ,l−1i (l − 1, .) we have to
determine the increment
δvr,ρ,li = δv
ρ,l
i + δr
l
i. (129)
This involves the increment δvρ,li and the increment δr
l
i. The former is
constructed by a local scheme and can be determined independently of the
increment δrli. The control function is designed in order to control the global
growth properties of the scheme. Given vr,ρ,l−1i (l − 1, .), 1 ≤ i ≤ n at time
step l − 1 the local solution function vρ,li , 1 ≤ i ≤ n is constructed via the
functional series
vρ,li = v
r,ρ,l−1
i (l − 1, .) + δvρ,l,1i +
∑
k≥2
δvρ,l,ki (130)
for 1 ≤ i ≤ n. Note the appearance of the control function in the first sum-
mand of this local series. The series is a controlled series but we suppressed
the dependence on the control in order to keep the notation simple. The
reason is that the dependence on the control function at time step l concerns
only the initial data rl−1i (l − 1, .) at that time step such that the structure
of the local equation is exactly the same as the structure of the uncontrolled
equation - just the data are different. The disadvantage is that we have a
notation which equals the notation for local uncontrolled functional series,
but having remarked this there should be no confusion. We call the terms of
the last sum in (130), i.e., the terms vρ,l,ki , k ≥ 2 the higher order correction
terms, and for these terms we have inheritance of polynomial decay if the
conditions of theorem 2.2 are satisfied. These higher order terms satisfy the
equation in (9), which is identical to the equation of increments for higher or-
der approximations of the local uncontrolled Navier Stokes equation. These
terms depend only on the control function data rl−1i (l − 1, .), which appear
in the equation for vρ,l,1i which solves the equation in (90). This way we
can avoid a more cumbersome analysis which involves the more complicated
equations for the controlled value functions stated in the introduction (the
analysis is analogous but there are a lot more terms with factor ρl which
have to be treated then). Here we take advantage of the fact that we choose
a control function once at each time step l ≥ 1, and solve the for the in-
crement of the controlled value function independently of the increment of
the control function (but not independently of the control function data
rl−1i (l − 1, .) at time step l ≥ 1. If GlH denotes the fundamental solution of
the equation
∂GlH
∂τ
− ρl 1
2
m∑
j=0
V 2j G
l
H = 0 (131)
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on the domain [l − 1, l]× Rn, then
vρ,l,1i (τ, x) =
∫
Rn
vr,ρ,l−1i (l − 1, y)GlH (τ, x; s, y)dy
−ρl
∫ τ
l−1
∫
Rn
VB
[
vr,ρ,l−1(l − 1, .)] vr,ρ,l−1i (l − 1, y)GlH (τ, x; s, y)dyds+
ρl
∫ τ
l−1
∫
Rn
∫
Rn
∑n
j,m=1
(
cjm
∂vr,ρ,l−1m
∂xj
(l − 1, .)∂v
r,ρ,l−1
j
∂xm
(l − 1, .)
)
(s, y)×
× ∂∂xiKelln (z − y)GlH(τ, x; s, z)dydzds,
(132)
and
δvρ,l,k+1i (τ, x) =
−ρl
∫ τ
l−1
∫
Rn
(
VB
[
vρ,l,k
]
δvρ,l,ki + VB
[
δvρ,l,k
]
vρ,l,ki
)
(s, y)×
×GlH(τ, x; s, y)dyds + ρl
∫ τ
l−1
∫
Rn
∫
Rn
Kelln,i (z − y)×(
cjm
(∑n
j,m=1
(
vρ,l,km,j + v
ρ,l,k−1
m,j
)
(s, y)
)
δvρ,l,kj,m (s, y)
)
×
×GlH(τ, x; s, z)dydzds.
(133)
The representation in (132) and the a priori estimates for GH show that
we may loose some order of polynomial decay at each time step for the
uncontrolled scheme due to the first term in (132). On the other hand, the
representation in (133) involves products of (spatial derivatives of) value
functions with (spatial derivatives) of functional increments which both have
a polynomial decay of a certain order. Hence products have a higher order
of polynomial decay which can compensate the polynomial growth factors of
the densities we observe in the standard estimates. This is one motivation
for the introduction of a control function rli = r
l−1
i (l− 1, .) + δrli along with
δrli = −δvρ,l,1i (our most simple choice of a control function), where we have
vr,ρ,li = v
r,ρ,l−1
i (l − 1, .) + δvρ,l,1i + δrli +
∑
k≥2 δv
ρ,l,k
i
= vr,ρ,li = v
r,ρ,l−1
i (l − 1, .) +
∑
k≥2 δv
ρ,l,k
i .
(134)
Well the representation in (132) shows that inheritance polynomial decay is
also preserved if we choose the simplified control function of iiia), i.e. the
function
δrli(τ, x) = −
∫
Rn
vr,ρ,l−1i (l − 1, y)Gl(τ, x; l − 1, y)dy
+vr,ρ,l−1i (τ, x).
(135)
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Anyway, for such types of controlled schemes we have preservation of poly-
nomial decay of the controlled scheme if we have preservation of polynomial
decay for the higher order correction terms. In this context (cf. [10]) we say
that
vρ,l,ki is of polynomial decay of order m ≥ 2
for derivatives up to order p ≥ 0 if for some finite C > 0
∑
|α|≤p supτ∈[l−1,l] |Dαxvρ,l,ki (τ, y)| ≤ C1+|y|m .
(136)
Similarly for the functional increments δvρ,l,ki . The spaces of functions of
polynomial decay of orderm ≥ 2 form an algebra. Especially, if vρ,l,k−1i , vρ,l,ki
are of polynomial decay of order m ≥ 2 for derivatives up to order p ≥ 0,
then we have that functional increments δvρ,l,ki are of polynomial decay of
order m ≥ 2 and for derivatives up to order p ≥ 0 . Moreover products
of such functions have polynomial decay of order 2m for derivatives up to
order p. These considerations motivate the following definition (which we
take from [10] essentially).
Definition 3.1. Assume that for all 1 ≤ i ≤ n and l − 1 ≥ 0 the functions
vρ,l−1,1i have polynomial decay of some order m (which is a positive integer)
for derivatives up to order p. We say that polynomial decay of order m
for derivatives up to order p ≥ 0 is inherited by a controlled scheme (of
type iii) or iiia) as described above) for the higher order correction terms
δvρ,l,ki , k ≥ 2, if for all 1 ≤ i ≤ n these higher order terms have polynomial
decay of order m for derivatives up to order p.
Next we prove inheritance of polynomial decay for the generalized con-
trolled scheme. Since we are interested in polynomial decay with respect to
the spatial variables we use the standard a priori estimate of the density in
(84) for j = 0 and β = 0 and α ≥ 0, i.e., we use the estimate∣∣∣∣∣∂|α|∂xα p(τ, x, y)
∣∣∣∣∣ ≤ A0,α,0(t)(1+x)
m0,α,0
tn0,α,0
exp
(
−B0,α,0(τ) (x−y)
2
τ
)
. (137)
However, there is an additional difficulty here for the generalized scheme
compared to the simple scheme with constant viscosity (and even compared
to a scheme with operators with strictly elliptic spatial part). This additional
difficulty consists in the polynomial growth factor
(1 + x)m0,α,0 (138)
in (137) which does not appear in the a priori estimates for operators with
strictly elliptic spatial part. We have
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Lemma 3.2. Polynomial decay of order q with
q ≥ max
|α|≤p
{n0,α,0,m0,α,0}+ n+ 1 (139)
for derivatives up to order p ≥ 0 is inherited by the higher order correction
terms.
Proof. Consider the representation of the higher order correction term δvρ,l,k+1i
in (133). Since GlH is a density for α = 0 we know that the representation
Dαx δv
ρ,l,k+1
i (τ, x) =
−ρl
∫ τ
l−1
∫
Rn
(
VB
[
vρ,l,k
]
δvρ,l,ki + VB
[
δvρ,l,k
]
vρ,l,ki
)
(s, y)×
×DαxGH(τ, x; s, y)dyds + ρl
∫ τ
l−1
∫
Rn
∫
Rn
Kelln,i (z − y)×(
cjm
(∑n
j,m=1
(
vρ,l,km,j + v
ρ,l,k−1
m,j
)
(s, y)
)
δvρ,l,kj,m (s, y)
)
×
×DαxGH(τ, x; s, z)dydzds.
(140)
holds. For |α| > 0 the representation can be justified by the fact that for
each x ∈ Rn there exists ǫ > 0 and a ball Bǫ(x) of radius ǫ around x such
that we get an integrable weakly singular upper bound. We then get an
upper bound for
∣∣Dαx δvρ,l,k+1i (τ, x)∣∣ by the upper bounds of the modulus of
the two summands
Dαx δv
ρ,l,k+1
i (τ, x) =
−ρl
∫ τ
l−1
∫
Rn\Bǫ(x)
(
VB
[
vρ,l,k
]
δvρ,l,ki + VB
[
δvρ,l,k
]
vρ,l,ki
)
(s, y)×
×DαxGH(τ, x; s, y)dyds + ρl
∫ τ
l−1
∫
Rn\Bǫ(x)
∫
Rn
Kelln,i (z − y)×
(
cjm
(∑n
j,m=1
(
vρ,l,km,j + v
ρ,l,k−1
m,j
)
(τ, y)
)
δvρ,l,kj,m (s, y)
)
×
×DαxGH(τ, x; s, z)dydzds,
(141)
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and
Dαx δv
ρ,l,k+1
i (τ, x) =
−ρl
∫ τ
l−1
∫
Bǫ(x)
(
VB
[
vρ,l,k
]
δvρ,l,ki + VB
[
δvρ,l,k
]
vρ,l,ki
)
(s, y)×
×DαxGH(τ, x; s, y)dyds + ρl
∫ τ
l−1
∫
Bǫ(x)
∫
Rn
Kelln,i (z − y)×
(
cjm
(∑n
j,m=1
(
vρ,l,km,j + v
ρ,l,k−1
m,j
)
(s, y)
)
δvρ,l,kj,m (s, y)
)
×
×DαxGH(τ, x; s, z)dydzds.
(142)
An upper bound for the first term is∣∣Dαx δvρ,l,k+1i (τ, x)∣∣ =
ρl
∫ τ
l−1
∫
Rn\Bǫ(x)
∣∣ (VB [vρ,l,k] δvρ,l,ki + VB [δvρ,l,k] vρ,l,ki ) (s, y)∣∣×
×
∣∣∣A0,α,0(t)(1+x)m0,α,0tn0,α,0 exp(−B0,α,0(τ) (x−y)2τ )
∣∣∣dyds
+ρl
∫ τ
l−1
∫
Rn\Bǫ(x)
∫
Rn
∣∣Kelln,i (z − y)∣∣×
×
∣∣∣cjm (∑nj,m=1 (vρ,l,km,j + vρ,l,k−1m,j ) (s, y)) δvρ,l,kj,m (s, y)∣∣∣×
×
∣∣∣A0,α,0(t)(1+x)m0,α,0tn0,α,0 exp
(
−B0,α,0(τ) (x−z)
2
τ
) ∣∣∣dydzds,
(143)
The products of type
(
VB
[
vρ,l,k
]
δvρ,l,ki + VB
[
δvρ,l,k
]
vρ,l,ki
)
(s, y) have poly-
nomial decay of order 2q, and this implies that we have polynomial decay of
order q for the (double) convolutions involved. Here we use the ’ellipticity’
assumption concerning the kernel Kell (which implies that we loose at most
one order of polynomial decay). Our assumption that implies that via a very
rough estimate we still have polynomial decay of order 2q−m0,α,0−1−n ≥ q
for the term in (143). For the local integrals in (142) we get the same con-
clusion.
4 Global regularity and growth behavior of the
control function
In this section we give several arguments for at most linear growth of several
type of control functions where we argue with respect to function spaces
and with respect to preservation of certain order of polynomial decay by the
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scheme. We also provide arguments for linear upper bounds without the
local adjoint of Ho¨rmander densities. Since we can prove local contraction
results with respect to norms
|.|C0((l−1,l)×Hm(Rn)), |.|C1((l−1,l)×Hm(Rn)) (144)
for the controlled velocity functions we can measure the growth of these
contolled velocity functions with respect to these norms. More precisely, if
we have an inductive upper bound for Dαxv
r,∗,ρ,l−1
i (l − 1, .) for multivariate
spatial derivatives of order |α| ≥ 0 of the form, let’s say
|Dαx vr,∗,ρ,l−1i (l − 1, .)|C0((l−1,l)×Hm(Rn)) ≤ C, for 0 ≤ |α| ≤ m, (145)
then a small step size ρl > 0 and a choice of the control function increment
as in (146) below ensure that this upper bound for the controlled velocity
function is preserved form time step l − 1 to time step l. A global scheme
with such an upper bound can be established for all time steps if we can
prove a linear upper bound for the control function rli (linear with respect
to the time step size). Then we may choose a step size ρl ∼ 1l and offset
the growth of the control functions. Linear growth of the control function
means constant growth (at most) at each time step. Consider first a simple
control function with the increment
δrli(l, x) =
∫ l
l−1
∫
Rn
−vr,∗,ρ,l−1i (l − 1, y)
C
Gl(l, x; s, y)dyds. (146)
We can ensure (at most) constant growth with respect to norms as in (144)
by the estimation of convolutions with the Gaussian by the generalized
Young inequality
|f ∗ g|r ≤ |f |p|g|q, 1
p
+
1
q
= 1 +
1
r
, 1 ≤ p, q, r ≤ 1. (147)
This is clear for the spatial part of the convolution, and for the time part we
may use similar observations as in the proof of the local contraction result
below. Similarly for spatial derivatives, where we may use the arguments
which we considered in the proof of the local contraction results (including
shifting derivatives).
Can this be generalized to densites which occur in the solution scheme
of highly degenerate Navier Stokes equations? For the control function in-
crements themselves this holds since the density GlH of a diffusion which
satisfies the Ho¨rmander condition is in L1 for positive time (-difference), and
the weakly singular behavior at time near zero changes only for derivatives.
Similarly, natural derivative estimates of the density GlH have an additional
spatial factor of polynomial type, such that we may loose integrability prop-
erties. We have to avoid at least higher order (order ≥ 2) derivatives on the
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local and any order of derivatives (order ≥ 1) on the global level. Well, this
can be done using local adjoints in order to shift derivatives. The spatial
regularity of the controlled velocity function from the previous time step
depends on the dimension. This regularity can be used in order to get up-
per bounds for the control function increments. We recall this phenomenon
first in the context of the classical Navier Stokes equation problem with
constant positive viscosity. However, we want to add another twist to the
discussion which concerns polynomial decay. We discuss it in the context of
the classical Navier Stokes equation model first. The generalisation of the
discussion will lead us to a more in-depth discussion of some properties of
densities which satisfy the Ho¨rmander condition. Although the natural up-
per bounds of these densities show that we may not use derivatives of these
densities in order to estimate the growth behavior of the control functions,
we shall see that it is sufficient to have some estimate of the local density
itself in order to establish certain upper bounds of the growth control of the
control functions. But let is turn to the classical model first and recall some
thoughts of [10].
A natural question which may be posed is: why does the definition in
(146) not reduce the polynomial decay of the control functions, and there-
fore, with a delay of one time step the polynomial decay of the controlled
velocity functions as well ? The reason is that the regularity of the inte-
grand can be used here. We cite and extend here the latest discussion in
[10], and then show that these considerations can be extended to the highly
degenerated systems. If the controlled velocity function vr,∗,ρ,l−1i (l − 1, .) is
smooth, i.e., if vr,∗,ρ,l−1i (l − 1, .) ∈ C∞, then this holds for the increment
(146) as well. In the classical model where we have constant viscosity this
follows easily from the fact that (146) is a convolution. For an arbitrary
multivariate derivative Dαx of order |α| ≥ 0 we may use the smoothness of
the controlled velocity function and write
Dαx δr
l
i(l, x) =
∫ l
l−1
∫
Rn
−vr,∗,ρ,l−1i (l−1,y)
C D
α
xGl(l, x; s, y)dyds
=
∫ l
l−1
∫
Rn
Dαy
−vr,∗,ρ,l−1i (l−1,y)
C Gl(l, x; s, y)dyds,
(148)
which shows that the controlled function increment δrli(l, .) is smooth if
the controlled velocity function vr,∗,ρ,li (l − 1, .) of the previous time step
l − 1 is smooth. Moreover, if the control function rl−1i (l − 1, .) is smooth
it follows that the control function rli(l, .), the controlled velocity function
vr,∗,ρ,li and the original velocity function v
∗,ρ,l
i (l, .) inherit smoothness from
the previous time step. This phenomenon has some consequences for the
growth behavior of the simple control function considered so far. We have
already observed that convolutions of the type considered in (148) may be
estimated by breaking up the integral into a local part around x and a
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complementary part. For a ball Bǫ(x) of radius ǫ > 0 around x we may
write for 0 < µ < 1∣∣∣Dαx δrli(l, x)∣∣∣ ≤
∣∣∣ ∫ ll−1 ∫Bǫ(x)Dαy −vr,∗,ρ,l−1i (l−1,y)C C(l−s)µ|x−y|n−2µdyds
∣∣∣
+
∣∣∣ ∫ ll−1 ∫Rn\Bǫ(x)Dαy −vr,∗,ρ,l−1i (l−1,y)C Gl(l, x; s, y)dyds
∣∣∣.
(149)
The second integral on the right side of (150) is over a domain where Gl
is analytic. Moreover, polynomial decay any order p > 0 of this term is
inherited from Dαy
−vr,∗,ρ,l−1
i
(l−1,.)
C as we may use the convolution rule to write
the second integral on the right side (150) for |x| 6= 0 in the form∣∣∣ ∫ ll−1 ∫Rn\Bǫ(x)Dαy −vr,∗,ρ,l−1i (l−1,x−y)C Gl(l, y; s, 0)dyds
∣∣∣
≤
∣∣∣ ∫ ll−1 ∫Rn\Bǫ(x) c1+|x−y|pGl(l, y; s, 0)dyds
∣∣∣
≤
∣∣∣ ∫ ll−1 ∫Rn\Bǫ(x) c1+|x−y|p c˜1+|y|ndyds
∣∣∣ ≤ C˜|x|p
(150)
The first integral on the right side of (150) may be estimated in polar coor-
dinates (r, φ1, · · · , φn) using iterated partial integration. For µ ∈
(
1
2 , 1
)
we
need only n− 1 partial integrations to get the upper bound∣∣∣ ∫ ll−1 ∫Bǫ(x)Dαy −vr,∗,ρ,l−1i (l−1,x−y)C C(l−s)µ|y|n−2µdyds
∣∣∣
≤ (n− 1)Cǫ+
∣∣∣ ∫ ll−1 ∫Bǫ(x)Dn−1r
(
Dαy
−vr,∗,ρ,l−1i (l−1,x−y)
C
)
pol
C
(l−s)µ |y|2µ−1dyds
∣∣∣,
(151)
where Cǫ is an upper bound for boundary terms which are integrals over the
sphere Snǫ (x), i.e., the boundary of Bǫ(x). Here we understand that(
Dαy
−vr,∗,ρ,l−1i (l − 1, x− y)
C
)
pol
(152)
is the Dαy
−vr,∗,ρ,l−1i (l−1,.)
C written in polar coordinates. Summing up these
conservations we get for µ > 12 an upper bound ∼ 1 for the control function
increment as desired. Note that the surface terms mentioned become small
for small ǫ > 0 for this choice of µ > 12 .
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Next concerning extended control functions we come to a similar conclu-
sion for the additional term
− δvrl−1,∗,ρ,l,1i (τ, x), (153)
for reasons discussed in the previous section, and the additional source term
can be estimated as above. Let us consider the simplified control function
δr
l,simple
i (l, x) =
∫ l
l−1
∫
Rn
−vr,ρ,l−1i (l − 1, y)
C
GlH(l, x; s, y)dyds. (154)
We have already remarked that we may replace GlH by Gl, because which
type of diffusion does not matter for the control function increment. The
only reason to involve a density in the definition of the simplified control
(160) is the smoothing effect. So for this part we can argue as above. How-
ever, we could also use the local adjoint and argue as in [9]. We explain the
concept of a local adjoint for the first term on the right side of an extended
control function increment in
δrl,fulli (l, x) = −δvr,ρ,l,1i (l, x) +
∫ l
l−1
∫
Rn
−vr,ρ,l−1i (l − 1, y)
C
GlH(l, x; s, y)dyds.
(155)
This term is essentially of the form∫
Rn
vr,ρ,l−1i (l − 1, y)GlH (l, x; l − 1, y)dy. (156)
Spatial derivatives have the ad hoc representation∫
Rn
vr,ρ,l−1i (l − 1, y)DαxGlH(l, x; l − 1, y)dy. (157)
For the latter expression (157) the local adjoint may be useful in order to
shift derivatives using the regularity of the ’data’ vr,ρ,l−1i (l − 1, .). Let us
consider the former expression (156). For j = 0, β = 0 from the main
estimate expressed in time-homogeneous form in 84 we get with tn0,α,0 =
(l − (l − 1))n0,α,0 = 1∣∣∣∣∣ ∂|α|∂xαGlH(l, x; l − 1, y)
∣∣∣∣∣ ≤ Asup,l0,α,0(1 + x)m0,α,0 exp
(
−Binf,l0,α,0(x− y)2
)
,
(158)
where Binf,l0,α,0 is a positive lower bound of a function of time corresponding
to the function Bj,α,β for j = 0 and β = 0 in (84), and, similarly, A
sup,l
0,α,0 is
an upper bound of a function of time corresponding to function Aj,α,β for
j = 0 and β = 0 in (84). Note that both constants are determined on a
different time scale in our scheme than in the standard theorem above, but
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this gives only another constant factor related to the time step size ρl at
time step l ≥ 1. Assuming that we have polynomial decay of order m ≥ 2
from the previous time step l − 1 we then have for any p > 1 and some
generic constant C > 0∣∣ ∫
Rn
vr,ρ,l−1i (l − 1, y)DαxGlH(l, x; l − 1, y)dy
∣∣
≤ ∫
Rn
C
1+|y|mA
sup,l
0,α,0(1 + x)
m0,α,0 exp
(
−Binf,l0,α,0(x− y)2
)
≤ ∫
Rn
C
1+|y|mA
sup,l
0,α,0(1 + x)
m0,α,0 C
1+|x−y|p
≤ C˜
1+|x|m+p−n−m0,α,0 .
(159)
Hence for the choice p ≥ n +m0,α,0 polynomial decay of the the first order
approximation increments −δvr,ρ,l,1i , 1 ≤ i ≤ n is ensured, and therefore
inheritance of polynomial decay holds for this part of the control function
increments too. The argument which leads to (159) hinges on the positive
time difference l− (l− 1) of course. For the second term in (160) we have to
deal with the singularity as time difference become small (and zero in the
limit). In this case we have already remarked that we can replace the second
term in (??) by
∫ l
l−1
∫
Rn
−vr,ρ,l−1i (l − 1, y)
C
Gl(l, x; s, y)dyds, (160)
and work as in the classical case. We could even keep the kernel GHl in (160)
if we apply local adjoints with the construction in [13] and then argue as in
in the prove of the local contraction result in [9].
5 Global linear upper bound of the Leray projec-
tion term for simple controlled schemes
In this section we consider the simple possibility ii) in the list of control
functions of the introduction. We show how this choice leads to a global
linear bound of the Leray projection term. The alternative simple method
via the choice ia) of that list is considered in the next section, where it
serves as a step for a uniform bound. Concerning the global linear upper
bound (on a time-transformed time scale) we first reconsider the reasoning
outlined in the introduction for the classical Navier Stokes equation with
constant viscosity. In a second step we shall show how and with which
nuances this applies to the generalized system. Assume inductively (with
respect to the time step number l ≥ 1) that we have realized an upper bound
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proportional to the squareroot of the time step number for some time step
number l − 1 ≥ 0, i.e., that we have
Dαxv
r,ρ,l−1
i (l − 1, .) ∼
√
l − 1 for |α| ≤ m (161)
for some m ≥ 2 which is fixed in advance. We may refine the local contrac-
tion result ∣∣δvr,ρ,l,ki ∣∣C0((l−1,l),Hm) ≤ 12
∣∣δvr,ρ,l,k−1i ∣∣C0((l−1,l),Hm), (162)
(for all 1 ≤ i ≤ n) or higher order local contraction result
∣∣δvr,ρ,l,ki ∣∣Cm((l−1,l),Hm) ≤ 12
∣∣δvr,ρ,l,k−1i ∣∣Cm((l−1,l),Hm) (163)
(for all 1 ≤ i ≤ n) a bit. In the form (162) or (163) it just ensures that the
local limit
vρ,l = vr,ρ,l−1 +
∞∑
k=1
δvρ,l,k = vρ,l,1 +
∞∑
k=2
δvρ,l,k (164)
of the corresponding local functional series represents a local solution of the
incompressible Navier Stokes equation on the domain [l − 1, l] × Rn (if the
time step size ρl is small enough).
Remark 5.1. Note that on the left side of (164) we use the notation vρ,l such
that vr,ρ,l = vρ,l + δrl accepting some notational ambiguity for the sake of
notational simplicity according to our remarks above.
We discussed this in [9], [10], and the argument transfers to the general
scheme. Now consider the first increment δvr,ρ,l,1i for 1 ≤ i ≤ n. For the
classical Navier Stokes equation with constant viscosity the functions vρ,1,li
solve the equation in (90) where the solution has the classical representation
vρ,1,li (τ, x) =
∫
Rn
vr,ρ,l−1i (l − 1, y)Gl(τ, x− y)dy
−ρl
∫ τ
l−1
∫
Rn
∑n
j=1 v
r,ρ,l−1
j (s, y)
∂vr,ρ,l−1i
∂xj
(s, y)Gl(τ − s, x− y)dyds
+ρl
∫ τ
l−1
∫
Rn
∫
Rn
∑n
j,m=1
(
∂vr,ρ,l−1j
∂xm
∂vr,ρ,l−1m
∂xj
)
(l − 1, y) ∂∂xiKn(z − y)×
×Gl(τ − s, x− z)dydzds.
(165)
Note that both summands in (168) are convolutions.
Remark 5.2. Let us mention a notational convention: in the following the
expression
Dαxv
r,ρ,l−1
i (l − 1, y) (166)
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denotes the multivariate spatial derivative of order α evaluated at y (some
authors prefer to write Dαy v
r,ρ,l−1
i (l − 1, y) while others prefer to emphasize
the difference between a variable and a value and prefer a notation as in
(166).
Next let
αj := α− 1j = (α1 − δ1j1, α2 − δ2j · · · , αn − δnj) (167)
where for 1 ≤ i ≤ n the symbol δij denotes the Kronecker delta.
Hence, according to the convolution rule for the multivariate spatial
derivative function Dαxv
ρ,1,l
i we have for all τ ∈ [l − 1, l] and all x ∈ Rn the
representation
Dαx v
ρ,1,l
i (τ, x) =
∫
Rn
Dαxv
r,ρ,l−1
i (l − 1, y)Gl(τ, x− y)dy
−ρl
∫ τ
l−1
∫
Rn
(∑n
j=1D
αj
x
(
vr,ρ,l−1j (s, y)
∂vr,ρ,l−1i
∂xj
(s, y)
))
Gl,j(τ − s, x− y)dyds
+2ρl
∫ τ
l−1
∫
Rn
∫
Rn
(∑n
j,m=1
((
Dα
m
x
∂vr,ρ,l−1j
∂xm
)
∂vr,ρ,l−1m
∂xj
))
(l − 1, y) ∂∂xiKn(z − y)×
×Gl,m(τ − s, x− z)dydzds,
(168)
where for the last summand we have applied the convolution rule twice, and
the factor 2 in the last term is because of the symmetry in the product which
is convoluted with the Laplacian kernel. We can conclude from this that for
a time step size ρl of order
ρl ∼ 1
l
, (169)
we have
Dαx δv
ρ,l,1
i = D
α
x v
ρ,l,1
i −Dαxvr,ρ,l−1i (l − 1, .) ∼ 1. (170)
In order to get this conclusion we may argue via Fourier transform. Fourier
transformation F with respect to the spatial variable x of the term in (176)
transfer convolutions into products, i.e., the term in (176) equals
F
(
Dαx v
r,ρ,l−1
i (l − 1, .)
)
F (Gl(τ, .)) − F
(
Dαxv
r,ρ,l−1
i (l − 1, .)
)
= −F
(
Dαxv
r,ρ,l−1
i (l − 1, .)
)
(1− F (Gl(τ, .))) .
(171)
The concrete expression of F (Gl(τ, .)) depends on the definition of the
Fourier transform which varies a little in the literature. If we define
F(f) =
∫
Rn
exp(2πiξ)f(x)dx, (172)
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then the Fourier transform of the heat kernel looks like
F (Gl(τ, .)) = exp
(−4πξ2ρlτ) , (173)
such that the growth with respect to time (which is a parameter in this
transformation) (171) has the upper bound
sup
ξ∈Rn
∣∣F (Dαxvr,ρ,l−1i (l − 1, ξ)) ∣∣∣∣4πξ2ρl∣∣ ∼ √l − 11l , (174)
and this growth behavior with respect to the time parameter is preserved
surely if we transform back with to the spatial variables via inverse Fourier
transform.
Note that the growth behavior in (170) implies that
Dαxv
ρ,l,1
i = D
α
x v
ρ,l,1
i −Dαxvr,ρ,l−1i (l − 1, .) ∼
√
l − 1 + 1. (175)
We shall discuss this for the generalized scheme in more detail below, but
the reason is essentially as follows. Since we are dealing with convolutions
we know that the multivariate spatial derivatives of order α of the first term
in (168) minus multivariate spatial derivatives of order α of the initial data
at time step l ≥ 1, i.e. the expression,∫
Rn
Dαxv
r,ρ,l−1
i (l − 1, y)Gl(τ, x− y)dy −Dαxvr,ρ,l−1i (l − 1, .) (176)
becomes small for a small stepsize ρl. Furthermore, as ρl ∼ 1l and vr,ρ,l−1i (l−
1, .) ∼ √l − 1 a small upper bound of the term in (176) satisfies ∼ 1, i.e., it
is independent of the time step number l ≥ 1. All the other summands in
(168) are convolutions of Gl with products of value functions of the form
vr,ρ,l−1j (s, y),
∂vr,ρ,l−1i
∂xj
∼
√
l − 1 (177)
where the product growth with respect to time of order ∼ (l − 1) is com-
pensated by the step size factor ρl ∼ 1l . Note that this means that we can
realise the bound
Dαx δv
ρ,l,1
i ∼
√
l − 1 + 1, for |α| ≤ m, (178)
and this has some consequence for a refinement of contraction of the con-
struction result for the higher order approximations. Again in the classical
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model, from (9) we get the representation
δvρ,k+1,li (τ, x) = −ρl
∫ τ
l−1R
n
∑n
j=1 v
ρ,k−1,l
j
∂δvρ,k,li
∂xj
(s, y)Gl(τ − s, x− y)dyds
−ρl
∫ τ
l−1
∫
Rn
∑
j δv
ρ,k,l
j
∂vρ,k,l
∂xj
(s, y)Gl(τ − s, x− y)dyds+
+ρl
∫ τ
l−1
∫
Rn
∫
Rn
Kn,i(z − y)
((∑n
j,m=1
(
vρ,k,lm,j + v
ρ,k−1,l
m,j
)
(s, y)
)
×
×δvρ,k,lj,m (s, y)
)
Gl(τ − s, x− z)dydzds.
(179)
Again, all summands in (179) are convolutions and we may represent spatial
derivatives of order α by convolution with spatial derivatives of first order
of the fundamental heat equation solution Gl, and by derivatives of order at
most |α| of the convoluted terms. Now consider the first term on the right
side in (179) for k = 1, and observe the growth with respect to time or with
respect to the time step number l. The first term on the right side of (179)
looks like
−ρl
∫ τ
l−1R
n
∑n
j=1 v
ρ,0,l
j
∂δvρ,1,li
∂xj
(s, y)Gl(τ − s, x− y)dyds
= −ρl
∫ τ
l−1R
n
∑n
j=1 v
r,ρ,l−1
j (l − 1, .)∂δv
ρ,1,l
i
∂xj
(s, y)Gl(τ − s, x− y)dyds
∼ 1l
√
l − 1 ∼ 1√
l
,
(180)
because δvρ,1,li ∼ 1 (as we have just observed). Similar for the second term
on the right side in (179). For k = 1 we have
−ρl
∫ τ
l−1
∫
Rn
∑
j δv
ρ,1,l
j
∂vρ,1,l
∂xj
(s, y)Gl(τ − s, x− y)dyds
∼ 1l
√
l ∼ 1√
l
.
(181)
In both cases the convolution with the local fundamental solution has the
effect of a constant in the upper bound (more details on that are given below
in the case of Ho¨rmander densities and in the proof of the local contraction
result. The last term on the right side in (179) is a double convolution where
for k = 1 we observe that
ρl
∫ τ
l−1
∫
Rn
∫
Rn
Kn,i(z − y)
((∑n
j,m=1
(
vρ,1,lm,j + v
r,ρ,l−1
m,j
)
(s, y)
)
×
×δvρ,1,lj,m (s, y)
)
Gl(τ − s, x− z)dydzds
∼ 1l
√
l ∼ 1√
l
.
(182)
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Since the value functions
(
vρ,1,lm,j + v
r,ρ,l−1
m,j
)
(s, y) and δvρ,1,lj,m (s, y) have poly-
nomial decay of order p ≥ 2 the convolution with the Laplacian kernel Kn,i
is finite and adds just another constant to an upper bound which is indepen-
dent of time step number l. Again we shall observe this in more detail in the
proof of the local contraction result below. The reasoning for multivariate
derivative Dαx δv
ρ,l,k
i uses the fact that the fundamental solution Gl can take
one spatial derivative and the other convolution terms involving the value
function approximations take the other derivatives of order |α| − 1 via the
convolution rule (as described above). Then we can proceed as before. Ob-
viously at each approximation step we get at least one additional factor 1√
l
(although we do not need this latter observation for the reasoning that the
scheme is global - it is sufficient for the controlled scheme that all higher
order terms satisfy the local contraction behavior and get a factor 1√
l
. From
these considerations it is clear that for k ≥ 2 we get
Dαx δv
r,ρ,l,k
i ∼
(
1√
l
)k−1
, for |α| ≤ m, (183)
for the controlled scheme, since for k ≥ 2 we have
Dαx δv
r,ρ,l,k
i = D
α
x δv
ρ,l,k
i , (184)
where we recall that the increments on the right side of (184) are understood
with respect to our local scheme which starts with vr,ρ,l−1i (l − 1, .), and on
the right side we understand
δvr,ρ,l,ki = v
r,ρ,l,k
i − vr,ρ,l,k−1i = vρ,l,1i +
∑k
p=2 δv
ρ,l,k
i
+δrli − vρ,l,1i −
∑k−1
p=2 δv
ρ,l,k
i − δrli = δvρ,l,ki
(185)
Note that in our notation
vρ,l,1i = v
r,ρ,l−1
i (l − 1) + δvρ,l,1i (186)
As we said these observations motivate our definition of a control func-
tions rli (or a part of the control function) in [8] and [9], where we defined
δrli = r
l
i − rl−1i (l − 1, .) = −δvr,ρ,l,1i . (187)
This implies that we have
vr,ρ,li = v
r,ρ,l−1
i +
∑∞
k=1 δv
r,ρ,l,k
i
= vr,ρ,l−1i + δv
r,ρ,l,1
i +
∑∞
k=2 δv
r,ρ,l,k
i
= vr,ρ,l−1i +
∑∞
k=2 δv
ρ,l,k
i , 1 ≤ i ≤ n.
(188)
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Hence, we have
Dαxv
r,ρ,l
i ∼
√
l for |α| ≤ m. (189)
Furthermore, note that
Dαxr
l
i ∼ l for |α| ≤ m. (190)
Next we consider the situation of the generalized system. An analysis of the
Ho¨rmander estimates has the result that for each x ∈ Rn there is an ǫ > 0
and a ball Bǫ(x) of radius ǫ > 0 around x such that
∣∣1Bǫ(x)GlH(τ, x; s, y)∣∣ ≤ C(τ − s)α(x− y)n−2α (191)
for some α ∈ (0, 1) and some constant C > 0. Here, 1Bǫ(x) denotes the
characteristic function which equals one on Bǫ and is zero elsewhere. Fur-
thermore, for the first order spatial derivatives we have
∣∣1Bǫ(x) ∂∂xiGlH(τ, x; s, y)
∣∣ ≤ C
(τ − s)α(x− y)n+1−2α (192)
for some α ∈ (0, 1) and some constant C > 0. These estimates follow from
the Ho¨rmander estimates in [5]. We shall give a detailed description in [13],
but cf. also our remarks at the end of the introduction of this paper. Next
for each x ∈ Rn we choose a ball Bǫ(x) such that the estimates in (191) and
(192) are satisfied. Then we consider
vρ,l,1i (τ, x) = v
ρ,l,1
iBǫ
(τ, x) + vρ,l,1i(1−Bǫ)(τ, x) (193)
where
vρ,l,1iB (τ, x) :=
∫
Bǫ(x)
vr,ρ,l−1i (l − 1, y)GlH (τ, x, l − 1, y)dy
−ρl
∫ τ
l−1
∫
Bǫ(x)
VB
[
vr,ρ,l−1(l − 1, .)] vr,ρ,l−1i (l − 1, y)GlH (τ, x; s, y)dyds+
ρl
∫ τ
l−1
∫
Bǫ(x)
∫
Rn
∑n
j,m=1
(
cjm
∂vr,ρ,l−1m
∂xj
(l − 1, .)∂v
r,ρ,l−1
j
∂xm
(l − 1, .)
)
(τ, y)×
× ∂∂xiKelln (z − y)GlH(τ, x; s, z)dydzds,
(194)
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and
vρ,l,1i(1−B)(τ, x) :=
∫
Rn\Bǫ(x) v
r,ρ,l−1
i (l − 1, y)GlH (τ, x; l − 1, y)dy
−ρl
∫ τ
l−1
∫
Rn\Bǫ(x) VB
[
vr,ρ,l−1(l − 1, .)] vr,ρ,l−1i (l − 1, y)GlH (τ, x; s, y)dyds+
ρl
∫ τ
l−1
∫
Rn\Bǫ(x)
∫
Rn
∑n
j,m=1
(
cjm
∂vr,ρ,l−1m
∂xj
(l − 1, .)∂v
r,ρ,l−1
j
∂xm
(l − 1, .)
)
(τ, y)×
× ∂∂xiKelln (z − y)GlH(τ, x; s, z)dydzds.
(195)
The latter term can be treated as before in the case of constant viscosity by
using the Kusuoka-Stroock estimates. Since |x − y| ≥ ǫ in the integrals of
(195) we can differentiate the kernel in order to get representations of the
spatial derivatives Dαx v
ρ,l,1
i of the first approximation at time step l ≥ 1, i.e.,
we have for all |α| ≤ m the representation
Dαx v
ρ,l,1
i(1−B)(τ, x) :=
∫
Rn\Bǫ(x) v
r,ρ,l−1
i (l − 1, y)DαxGlH(τ, x; l − 1, y)dy
−ρl
∫ τ
l−1
∫
Rn\Bǫ(x) VB
[
vr,ρ,l−1(l − 1, .)] vr,ρ,l−1i (l − 1, y)DαxGlH(τ, x; s, y)dyds+
ρl
∫ τ
l−1
∫
Rn\Bǫ(x)
∫
Rn
∑n
j,m=1
(
cjm
∂vr,ρ,l−1m
∂xj
(l − 1, .)∂v
r,ρ,l−1
j
∂xm
(l − 1, .)
)
(τ, y)×
× ∂∂xiKelln (z − y)DαxGlH(τ, x; s, z)dydzds.
(196)
We get upper bounds of
∣∣Dαxvρ,l,1i (τ, x)∣∣ by estimating the modulus of multi-
variate spatial derivatives of the density
∣∣DαxGlH(τ, x; s, z)∣∣ by the Kusuoka-
Stroock estimates or by the estimates we provide in [13], and estimate the
modulus of the other integrands similar as in the case of constant viscosity
using inductive information of time growth Dαx v
r,ρ,l−1
i (l − 1, .) ∼
√
l − 1 for
multiindices |α| ≤ m and some m ≥ 2. Note that the upper bound that we
get is a sum of convolutions. As in the case of constant viscosity we may
use Fourier transformation with respect to thespatial variables in order to
estmate the growth of the first summand with respect to the time step num-
ber, adn we may use inductive information of time growth and the choice
of ρl ∼ 1l for the other summands. Hence, similar as in the case of constant
viscosity described above we get∣∣Dαx vρ,l,1i(1−B)(τ, x) −Dαxvr,ρ,l−1i(1−B)(l − 1, x)∣∣ ∼ 1. (197)
For the complement term considered in (194) an additional step is needed.
For the summand of first order approximation at time step l, i.e., the function
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vρ,l,1iB , and its first order spatial derivatives we may use the estimates in (191)
and (192) in∣∣Dβxvρ,l,1iB (τ, x)∣∣ := ∫Bǫ(x) ∣∣vr,ρ,l−1i (l − 1, y)∣∣∣∣GlH(τ, x, l − 1, y)∣∣dy
−ρl
∫ τ
l−1
∫
Bǫ(x)
∣∣VB [vr,ρ,l−1(l − 1, .)] vr,ρ,l−1i (l − 1, y)∣∣∣∣GlH(τ, x; s, y)∣∣dyds+
ρl
∫ τ
l−1
∫
Bǫ(x)
∫
Rn
∑n
j,m=1
∣∣ (cjm ∂vr,ρ,l−1m∂xj (l − 1, .)∂vr,ρ,l−1j∂xm (l − 1, .)
)
(τ, y)
∣∣×
×∣∣ ∂∂xiKelln (z − y)∣∣∣∣GlH(τ, x; s, z)∣∣dydzds,
(198)
where the multiindices β satisfy 0 ≤ |β| ≤ 1. For spatial derivatives of order
α with |α| ≥ 2 we need the local adjoint Gl,Bǫ(x),∗H (τ, x; s, z)(cf. [13] and the
remark below) and use a representation via the adjoint an estimate via∣∣Dαxvρ,l,1iB (τ, x)∣∣ := ∫Bǫ(x) ∣∣Dγxvr,ρ,l−1i (l − 1, y)∣∣∣∣Gl,Bǫ(x),∗H (τ, x, l − 1, y)∣∣dy
−ρl
∫ τ
l−1
∫
Bǫ(x)
∣∣VB [vr,ρ,l−1(l − 1, .)] vr,ρ,l−1i (l − 1, y)∣∣∣∣Gl,Bǫ(x),∗H (τ, x; s, y)∣∣dyds+
ρl
∫ τ
l−1
∫
Bǫ(x)
∫
Rn
∑n
j,m=1
∣∣ (cjm ∂vr,ρ,l−1m∂xj (l − 1, .)∂vr,ρ,l−1j∂xm (l − 1, .)
)
(τ, y)
∣∣×
×∣∣ ∂∂xiKelln (z − y)∣∣∣∣Gl,Bǫ(x),∗H (τ, x; s, z)∣∣dydzds.
(199)
We get ∣∣Dαxvρ,l,1iB (τ, x)−Dαx vr,ρ,l−1iB (l − 1, x)∣∣ ∼ 1, (200)
and together with (197) we get∣∣Dαxvρ,l,1i (τ, x)−Dαx vr,ρ,l−1i (l − 1, x)∣∣ ∼ 1. (201)
Remark 5.3. For parabolic equation with strictly spatial elliptic operators
each density p has a adjoint p∗ (which solves a parabolic adjoint equation)
such that
p(t, x; s, y) = p∗(s, y; t, x) and Dαxp(t, x; s, y) = D
α
y p
∗(s, y; t, x) (202)
For Ho¨rmander diffusion we can define a local adjoint, i.e., for each argument
x ∈ Rn there is a ball Bǫ(x) of radius ǫ > 0 around x such that the Ho¨r-
mander density has a local adjoint on this ball. We give the details for this
in [13]. The main reason is this: the Ho¨rmander condition encodes infinites-
imal rotations and shifts caused by the drift term with diffusions caused by
the second order terms. This leads to the possibility of local expansions of
the density and the construction of local adjoints (cf. [13]).
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Next we consider the higher order terms looking for a refinement of the
local contraction result regarding the dependence of the contraction constant
and the time step number of the scheme. In order to have a global linear
bound for the controlled scheme (of type iiia)) it is essential to have
∞∑
k=2
δvρ,l,ki ∼
1√
l
(203)
for all 1 ≤ i ≤ n. The essential step is to establish such a growth behavior
with respect to the time step number for the functional increments δvρ,l,ki .
Note that we have ∞∑
k=2
δvρ,l,ki =
∞∑
k=2
δvr,ρ,l,ki (204)
for all controlled schemes proposed in the introduction, such that this re-
sult for the uncontrolled scheme transfers to any of the controlled schemes
directly. Again we start with multivariate spatial derivatives of order 0 ≤
|β| ≤ 1 and split the representation for k = 1 in two summands choosing for
each x ∈ Rn and ǫ > 0 and a ball Bǫ(x) of radius ǫ > 0 around x such that
the a priori estimates (191) and (192) hold. We get the representation
δvρ,l,2i (τ, x) = δv
ρ,l,2
iB (τ, x) + δv
ρ,l,2
i(1−B)(τ, x) (205)
for all (τ, x) ∈ [l − 1, l] × Rn, where
Dβxδv
ρ,l,2
i (τ, x) =
−ρl
∫ τ
l−1
∫
Rn\Bǫ(x)
(
VB
[
vρ,l,1
]
δvρ,l,1i + VB
[
δvρ,l,1
]
vρ,l,1i
)
(s, y)×
×DβxGlH(τ − s, x− y)dyds + ρl
∫ τ
l−1
∫
Rn\Bǫ(x)
∫
Rn
Kelln,i (z − y)×
(
cjm
(∑n
j,m=1
(
vρ,l,1m,j (τ, y) + v
r,ρ,l−1
m,j (l − 1, y)
))
δvρ,l,1j,m (s, y)
)
×
×DβxGlH(τ − s, x− z)dydzds,
(206)
and
Dβxδv
ρ,l,2
iB (τ, x) =
−ρl
∫ τ
l−1
∫
Bǫ(x)
(
VB
[
vρ,l,1
]
δvρ,l,1i + VB
[
δvρ,l,1
]
vρ,l,1i
)
(s, y)×
×DβxGlH(τ − s, x− y)dyds + ρl
∫ τ
l−1
∫
Bǫ(x)
∫
Rn
Kelln,i (z − y)×
(
cjm
(∑n
j,m=1
(
vρ,l,1m,j (τ, y) + v
ρ,l−1
m,j (l − 1, y)
))
δvρ,l,1j,m (s, y)
)
×
×DβxGlH(τ − s, x− z)dydzds.
(207)
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For the term in (206) we may use the Kusuoka-Stroock estimates in order
to get a upper bound for the modulus
∣∣Dβxδvρ,l,2i (τ, x)∣∣ for 0 ≤ |β| ≤ 1,
and this type of upper bound can be extended to higher order derivatives
for
∣∣Dαx δvρ,l,2i (τ, x)∣∣ and any multiindex α with |α| ≥ 0 just by using the
Kusuoka-Stroock estimates. The involved constants are surely independent
of the time step number l ≥ 1 as far as the upper bounds of the fundamental
solution are concerned. For the local terms in (207) we may use the local a
priori estimates for Ho¨rmander diffusions.
6 Global bound of the Leray projection term, local
and global solutions
We have observed that the functions
l→ |vr,ρ,lj (l, .)|2Hm (208)
for m ≥ 2 of a controlled scheme with control function rli of type iiia) or iiib)
have linear linear growth with respect to the time step number l. Moreover,
the control function rli themselves satisfy
rli(l, .) ∼ l. (209)
This means that we have obtained a global regular solution v = (v1, · · · , vn)
which is defined in transformed time coordinates τ = ρlt on the domains
[l − 1, l]× Rn by
vρ,li (τ, x) = v
r,ρ,l
i (τ, x) − rli(τ, x) (210)
On each domain [l − 1, l] × Rn the function vρ,li ∈ C1,2 ((l − 1, l)× Rn) is a
local classical solution of the generalized (highly degenerate) incompressible
Navier Stokes equation, and as we have shown that
sup
l∈N
|vr,ρ,li (l, .)| is bounded (211)
for all 1 ≤ i ≤ n, and we have a global linear upper bound of the control
functions rli with respect to the time step number l ≥ 1, i.e.,
sup
l∈N
|rli(l, .)| ≤ Cl (212)
for some constant C > 0 and all 1 ≤ i ≤ n, we have also a global linear upper
bound with respect to the time step number l ≥ 1 of the value functions vi,
i.e., we have
sup
l∈N
|vρ,li (l, .)| ≤ Cl. (213)
As both summands on the right side of (210) are locally C1,2 on the do-
mains (l − 1, l) × Rn, this is also true for vρ,li , 1 ≤ i ≤ n. Furthermore, if
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vr,ρi , 1 ≤ i ≤ n denotes the global controlled velocity function on [0,∞)×Rn
with vr,ρi (τ, x) = v
r,ρ,l
i /τ, x) for τ ∈ [l − 1, l] × Rn, and ri : [0,∞) × Rn → R
denote the global control functions for 1 ≤ i ≤ n with ri(τ, x) = rli(τ, x)
for τ ∈ [l − 1, l] × Rn, then we have by construction (and our argument
above) that the functions vr,ρi , 1 ≤ i ≤ n and ri, 1 ≤ i ≤ n are glob-
ally Lipschitz on the whole domain [0,∞) × Rn. Hence vρi := vr,ρi − ri is
globally Lipschitz on the whole domain [0,∞) × Rn and such that for all
time step number l the restrictions of vρi are in C
1,2 ((l − 1, l)× Rn). It
follows then by standard regularity theorems that vρi is a global classical
solution of the generalized incompressible Navier Stokes equation in time
transformed coordinates. Hence the globally defined functions vi, 1 ≤ i ≤ n
with vi(t, x) = vi(τ, x), 1 ≤ i ≤ n with 1 ≤ i ≤ n and t = ρlτ for all
[l − 1, l) × Rn and l ≥ is a global classical solution of the original gener-
alized incompressible Navier Stokes equation. We can sharpen this result
a bit and prove the existence of global upper bounds which are completely
independent of the time step number. Indeed, next we consider controlled
scheme which lead to a global bound of the Leray projection term which
is independent of the time step number. We have found several different
arguments for this conclusion. First consider the controlled scheme with
vr,ρ,lj = v
ρ,l
j + r
l
j (214)
for some functions rlj , where
rlj − rl−1j = −
(
vρ,l,1j − vr,ρ,l−1j (l − 1, .)
)
+
∫ τ
l−1
φlj(s, y)G
l
H(τ − s, x− y)dyds,
(215)
and where the source term in (231) is of the form
φlj(s, y) = −
vr,ρ,l−1j
C
(l − 1, .) − r
l−1
i (l − 1, .)
C2
, (216)
At time step l = 1 we are free to choose the ’data’ rl−1i (l − 1, .) = r0i (0, .)
for 1 ≤ i ≤ n. We may choose them such that they ’have the same signs’ as
the data hi of the Cauchy problem, i.e., we choose
r0i (0, .) =
hi(.)
C
for all 1 ≤ i ≤ n. (217)
The reasoning is then as follows. Assume we have computed vr,ρ,l−1i and r
l−1
i
for all 1 ≤ i ≤ n and for l ≥ 2. In our controlled scheme we first compute
the local solution of the generalised incompressible Navier Stokes equation
with data vr,ρ,l−1i (l − 1, .) for all 1 ≤ i ≤ n via the functional series
vr
l−1,ρ,l
i = v
r,ρ,l−1
i (l − 1, .) + δvρ,l,1i +
∑
k≥2
δvρ,l,ki , (218)
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where we indicate with the superscript rl−1 that we compute the local so-
lution of the generalised (but otherwise uncontrolled) incompressible Navier
Stokes equation with respect to the data vr,ρ,l−1i (l − 1, .) which include the
information of the control function from the previous time step. Then look-
ing at the controlled function (including the control function at time step l
we add the increment δrli defined in (215) and get the representation
vr,ρ,li = v
rl−1,ρ,l
i +δr
l
i = v
r,ρ,l−1
i (l−1, .)+
∑
k≥2
δvρ,l,ki +
∫ τ
l−1
φlj(s, y)G
l
H(τ−s, x−y)dyds.
(219)
We have observed that the subtraction of the first order increments δvρ,l,1i
via the control function increments δrli is useful in order to preserve poly-
nomial decay of the controlled velocity value functions. For the classical
incompressible Navier Stokes equation (even with variable strictly elliptic
viscosity) we do not need this. Now as ρl becomes small the higher order
correction
vr,ρ,l−1i (l − 1, .) +
∑
k≥2
δvρ,l,ki (l, .) (220)
become small compared to the source term∫ l
l−1
φlj(s, y)G
l
H(τ − s, x− y)dyds (221)
where for ρl small the diffusion effect of the kernel G
l
H is small (similar as
in the scheme for classical model for Gl). For this reason if we defined the
control function increment via (231) below, we would get a global linear
bounds
|vr,ρ,li (l, .)| ≤ Cl, |rli(l, .)| ≤ Cl (222)
for some C > 0 by arguments similar as in the preceding sections. This looks
a little worse than what we would get if we defined the control function via
(231) below, because in that case we get a uniform bound for the controlled
velocity functions in addition. Well, the estimates in (222) and similar est-
mates for derivatives lead us still to the conclusion of the existence of a
global classical solution. However the extended scheme leads to the slight
improvement that we have global uniform bounds for the controlled velocity
functions and for the control functions. Since this is only a slight improve-
ment and the main theorem of a global classical solution is achieved without
these additional observations, we only sketch the argument.
Consider an argument x ∈ Rn. As l ≥ 1 varies and as long as
vr,ρ,li (l, x) and r
l
i(l, x) (223)
have the same sign, we observe that we have a uniform upper bound for
both function independent of the time step number l ≥ 1. Now, if l0 is the
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first times step number such that
vr,ρ,li (l0, x) and r
l
i(l0, x) (224)
have different signs, then we observe that the function
l→ |vr,ρ,li (l, x) + rli(l, x)|, l ≥ l0 (225)
has - for time step sizes ρl > 0 of order ρl ∼ 1C4 the tendency to fall forever
or up to the time step number le where both functions in (224) have the
same sign again in the following sense: either we have that
vr,ρ,li (l, x), r
l
i(l, x) ∼
1
C2
, (226)
the function in (222) is decreasing after finitely many time steps in the sense
that for any argument l0 ≤ l ≤ le or l ≥ l0 (if le = ∞) we find a l′ ≥ l such
that
|vr,ρ,li (l′, x) + rli(l′, x)| ≤ |vr,ρ,li (l, x) + rli(l, x)|. (227)
Many cases have to be considered for this argument and in order to make
it fully precise we have also to show how exactly the time step sizehas to
be chosen. However, since this is only a slight improvement of the general
argument of a global linear bound (which is enough in order to prove our
main theorem) we shall not provide all the details here.
Let us make some additional remarks. We make some additional obser-
vation concerning ia). The schemes consdiered are schemes with bounded
controlled velocity functions and with control functions which are linearly
bounded. First we consider a scheme
vr,ρ,l,kj = v
ρ,l,k
j + r
l,0
j (228)
for some functions rlj , where
rl,0j −rl−1,0j = −
(
vρ,l,1j − vr,ρ,l−1j (l − 1, .)
)
+
∫ τ
l−1
φl,0j (s, y)Gl(τ−s, x−y)dyds,
(229)
and where the source term in (231) is of the form
φl,0j (s, y) = −
vr,ρ,l−1j
C
(l − 1, .), (230)
and show that this is a global scheme in case of simple models with con-
stant viscosity. This scheme has the advantage that it is possible to choose
a uniform time step size. Note that the scheme in ia) is without the in-
crement −
(
vρ,l,1j − vρ,l−1j (l − 1, .)
)
, but the proof is similar and it would be
cumbersome to list all variations of argument. The choice in (231) has the
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advantage that it works also for the generalized degenerate model as we shall
observe. In a second step, and in order to get a uniform global bound we
consider control functions with
rlj − rl−1j = −
(
vρ,l,1j − vr,ρ,l−1j (l − 1, .)
)
+
∫ τ
l−1
φlj(s, y)Gl(τ − s, x− y)dyds,
(231)
and where the source term is as in [10], i.e.,
φlj(s, y) = −
vr,ρ,l−1j
C
(l − 1, .) − r
l−1
j
C2
(l − 1, .). (232)
Let us consider the simple model with constant viscosity first. First we note
that it is a major step to show that for given m ≥ 2 and for all 1 ≤ i ≤ n
and all multiindices α with |α| ≤ m we have the implication
sup
x∈Rn
∣∣Dαx vr,ρ,l−1i (l − 1, .)∣∣ ≤ C ⇒ sup
x∈Rn
∣∣Dαxvr,ρ,li (l, .)∣∣ ≤ C (233)
for some constant C > 0 and all l ≥ 1. If (233) holds, and we have a linear
bound
|Dαx rli(l, .)| ∼ l, (234)
then we have a global linear bound for the velocity function vρ,li = v
r,ρ,l
i − rli.
Note that the increment (or ’decrement’) of the controlled value function at
time step l satisfies for all 1 ≤ i ≤ n
δvr,ρ,li = v
r,ρ,l
i (l, .)− vr,ρ,l−1i (l − 1, .)
=
∑
k≥2 δv
r,ρ,l,k
i (l, .) +
∫ τ
l−1 φ
l,0
j (s, y)Gl(τ − s, x− y)dyds
=
∑
k≥2 δv
ρ,l,k
i (l, .) +
∫ l
l−1 φ
l,0
j (s, y)Gl(τ − s, .− y)dyds,
(235)
where the higher order increments satisfy a local contraction with contrac-
tion factor 12 such that∑
k≥2
∣∣δvρ,l,ki (l, .)∣∣C1((l−1,l),H2m) ≤ ∣∣δvρ,l,1i (l, .)∣∣C1((l−1,l),H2m). (236)
As the time step size ρl > 0 becomes small we know that
∣∣δvρ,l,1i (l, .)∣∣C1((l−1,l)×H2m ≤ 14 , (237)
while Gl is close to identity. Consider first the controlled velocity value
function themselves, i.e., consider α = 0. If |vr,ρ,l−1i (l − 1, x)| ∈
[
3C
4 , C
]
for
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some x ∈ Rn then for small ρl > 0 we have∣∣ ∫ l
l−1 φ
l,0
j (s, y)Gl(τ − s, x− y)dyds
∣∣
≥ ∣∣ ∫ ll−1
(
− v
r,ρ,l−1
j
C (l − 1, .)(s, y)
)
Gl(τ − s, x− y)dyds
∣∣
≥ 12(l − (l − 1) = 12 ,
(238)
such that with the observations in (236) and in (237) we get indeed (233)
for α = 0. Similar for α > 0 where we note that we may use a convolution
rule in order to have the estimate for derivatives in 238. As we have
δDαx v
ρ,l,1
i (l, .) ∼ 1 (239)
and
Dαx
∫ l
l−1
φl,0j (s, y)Gl(τ − s, x− y)dy ∼ 1 (240)
we have
Dαx δr
l,0
i (l, .) ∼ 1, whence Dαxrli(l, .) ∼ l, (241)
such that the control functions are linearly bounded.
Note that in the application of the local contraction result we used∑
k≥2
δvr,∗,ρ,l,ki =
∑
k≥2
δv∗,ρ,l,ki . (242)
We also used the inheritance of polynomial spatial decay of our scheme in
order to conclude from (233) that a global bound exists with respect to the
|.|C1((l−1,l),H2m)-norm. For the growth of the first order increment and its
multivariate spatial derivatives we may use
Dαx δv
ρ,1,l
i (τ, x) =
∫
Rn
Dαx v
r,ρ,l−1
i (l − 1, y)Gl(τ, x− y)dy − vr,ρ,l−1i (l − 1, x)
−ρl
∫ τ
l−1
∫
Rn
(∑n
j=1D
αj
x
(
vr,ρ,l−1j (s, y)
∂vr,ρ,l−1i
∂xj
(s, y)
))
Gl,j(τ − s, x− y)dyds
+2ρl
∫ τ
l−1
∫
Rn
∫
Rn
(∑n
j,m=1
((
Dα
m
x
∂vr,ρ,l−1j
∂xm
)
∂vr,ρ,l−1m
∂xj
))
(l − 1, y) ∂∂xiKn(z − y)×
×Gl,m(τ − s, x− z)dydzds,
(243)
where the reasoning is similar as in the preceding section. The next step is
to show that we can get a uniform bound from this for an extended control
function (as in iv) in our list), i.e., an upper bound which does not depend
on the time step number l ≥ 1. First we reconsider the argument for (233)
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for some large constant C > 2 and all l ≥ 1 in case of a control function rli
which have a asymmetry build in. Assume that (233) holds for the extended
control function and for |α| ≤ m and assume in addition that
|Dαx rli(l, x)| ∈
[
2C2, 2C2 + 1
]
. (244)
In this case we know that for small ρl > 0∣∣ ∫ τ
l−1 φ
l
j(s, y)Gl(τ − s, x− y)dyds
∣∣
=
∣∣ ∫ l
l−1
(
− v
r,ρ,l−1
j
C (l − 1, .)−
rl−1j
C2
(s, y)
)
Gl(τ − s, .− y)dyds
∣∣
=
∣∣ ∫ l
l−1
(
− v
r,ρ,l−1
j
C (l − 1, .)−
rl−1j
C2
(s, y)
)
Gl(τ − s, .− y)dyds
∣∣
≥
∣∣ ∫ l
l−1 (−1 + 2) 12ds
∣∣ ≥ 12 ,
(245)
while
|δvr,ρ,li | = |vr,ρ,li (l, .) − vr,ρ,l−1i (l − 1, .)| ≤ 14 . (246)
Similar for multivariate spatial derivative of order |α| > 0. Hence we con-
clude that we have
|Dαx vr,ρ,li (l, .)| ∈ [0, C] and |Dαx rli(l, .)| ∈ [0, 2C2 + 1], (247)
and this implies that for the uncontrolled velocity functions that
|Dαx vρ,li (l, .)| ∈ [0, 2C2 + 1] (248)
for |α| ≤ m. Hence we need to establish the upper bound for the controlled
value function in the case of an extended control function. The weaker
weight of the extension − r
l−1
i
C2 (l − 1, .) helps. Given some x ∈ Rn, if
vr,ρ,l−1i (l−1, x) ∈ [−C,C] and rl−1i (l−1, x) ∈
[−2C2 − 1, 2C2 + 1] (249)
have the same sign then − r
l−1
i
C2
(l− 1, .) ∈ {−2 + 1C , 2 + 1C ] and − vr,ρ,l−1i C (l−
1, x) ∈ [−1, 1], and for small ρl (233) is satisfied by construction. Indeed
for small ρl ∼ 1C3 except for the additional source term itself related to the
term ∫ τ
l−1
φlj(s, y)Gl(τ − s, x− y)dyds (250)
all additional terms in the controlled equation for vr,ρ,li which are related to
54
(250) have a factor ρl. Hence, we observe that
δvr,ρ,li = v
r,ρ,l
i (l, .)− vr,ρ,l−1i (l − 1, .)
=
∑
k≥2 δv
r,ρ,l,k
i (l, .) +
∫ τ
l−1 φ
l
j(s, y)Gl(τ − s, x− y)dyds+ ρl (· · · )
≤ 1C +
∑
k≥2 δv
ρ,l,k
i (l, .) +
∫ l
l−1 φ
l
j(s, y)Gl(τ − s, .− y)dyds
∈ [−C,C] .
(251)
for appropriate C > 2. Similar for spatial derivatives of order |α| ≤ m.
Next, given some x ∈ Rn, assume that
vr,ρ,l−1i (l−1, x) ∈ [−C,C] and rl−1i (l−1, x) ∈
[−2C2 − 1, 2C2 + 1] (252)
have different signs. In this case we observe that the modulus of the control
function decreases more that the uncontrolled value functions can grow at
one time step with small time step size ρl ∼ 1C3 , i.e., we have
∣∣rli(l, .)∣∣− ∞∑
k=1
δvρ,l,ki (l, .) ≥
1
C
, (253)
and similar for spatial derivatives of of order |α| ≤ m. Furthermore, we ob-
serve that for small step site ρl we still have r
l−1
i (l−1, x) ∈
[−2C2 − 1, 2C2 + 1].
Concerning generalization to the highly degenerate Navier Stokes equation
model, there is only one element which we need to change in the argument
above. Note that we have inductively
∣∣Dαx vr,ρ,l−1i (l − 1, .)∣∣ ≤ C1 + |x|q (254)
for all 1 ≤ i ≤ n and all multiindices α with |α| ≤ m for q as in the statement
of the local contraction theorem, and by inheritance of polynomial decay and
local contraction we have
∣∣Dαxvr,ρ,l,ki (τ, .)∣∣ ≤ 2C1 + |x|q (255)
for all k ≥ 1, τ ∈ [l − 1, l], and for all 1 ≤ i ≤ n and all multiindices α
with |α| ≤ m for q as well. The additional problem is that the standard
estimates of the Ho¨rmander diffusion have an additional polynomial growth
factor with respect to the spatial argument x. This is no problem for our
scheme as the control function has the term −
(
vρ,l,1j − vr,ρ,l−1j (l − 1, .)
)
built
in in its definition, and all other terms contain products of approximating
value functions as factors which offset this additional polynomial growth
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factor. However, we do not have this effect for the source terms φli in our
dynamic definition of the control functions rli. Therefore we define
rlj − rl−1j = −
(
vρ,l,1j − vr,ρ,l−1j (l − 1, .)
)
+
∫ τ
l−1
2C
1+|y|qφ
l
j(s, y)G
l
H(τ − s, x− y)dyds,
(256)
where the source term is of the the same form as in (232), i.e. the value
function and the control function now just refer two the value functions and
control functions of the general scheme. Note that the convolution is useful
in this respect as the additional factor in (256) does not change the sign
as we consider spatial derivatives. The argument for a global bound of the
Leray projection term is then analogous as in the classical model.
7 Proof of local contraction result
We consider the essential case of contraction results for derivatives up to
order |α| ≤ 2. The extension to order m > 2 is straightforward. The in-
heritance of polynomial decay of the local higher order correction terms and
the inductive assumption of polynomial decay described above facilitates
the proof of the local contraction result, because we have upper bounds
of approximating value functions vr,ρ,l,ki which have polynomial decay of
a certain order and this leads to the simple definition of the constants
CG and CB above which play a natural role in our contraction estimate
via classical representations of functional increments δvρ,l,ki . We empha-
size again that the first approximation vρ,l,1i at time step l ≥ 1 solves an
equation with data vr,ρ,l−1i (l − 1, .), i.e., we consider the local construction
vρ,li = v
ρ,l,1
i +
∑∞
k=2 δv
ρ,l,k
i and then we add at each time step the control
function increments δrli in order to estimate the growth with respect to the
time step number l ≥ 1. This is different to a direct approach which involves
the control function in the local construction. In the following we denote
vρ,l,ki = v
ρ,l,1
i +
k∑
p=2
δvρ,l,pi , (257)
keeping in mind that the controlled function vr,ρ,l−1i (l− 1, .) are part of the
Cauchy problem which defines vρ,l,1i . Compared to the local contraction
result for classical Navier Stokes equation models with constant viscosity
for the degenerate Navier-Stokes equation models we have to consider two
additional aspects. One of these aspects is the different standard a priori
estimate for Ho¨rmander densities, which includes an additional polynomial
factor with respect to the spatial variables. We have to take care of this
aspect for the L2- and H1-contraction estimates. The second new aspect is
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that we need a local adjoint of densities in order to deal with Hm estimates
for m ≥ 2. Actually the first order estimates are essential since they are
with respect to differentiable functions where the functions themselves and
their first order spatial derivatives vanish at spatial infinity. Such spaces are
closed, but we consider higher order Sobolev spaces as well. We emphasize
the essential differences to the classical model. For the classical model with
constant viscosity the result may be obtained with weaker assumptions con-
cerning the order of polynomial decay. We refer to our notes in [9, 10] for
the discussion of local contraction in the case of the classical model. We
consider the essential |.|C0((l−1,l),H1)-estimates first. We have observed that
the functional increments δvρ,l,k+1i = v
ρ,l,k+1
i − vρ,l,ki , 1 ≤ i ≤ n solve (9).
Furthermore, if GlH denotes the fundamental solution of the equation
∂GlH
∂τ
− ρl 1
2
m∑
j=0
V 2j G
l
H = 0 (258)
on the domain [l − 1, l]× Rn, then we have the representations
δvρ,l,1i (τ, x) =
∫
Rn
vr,ρ,l−1i (l − 1, y)GlH (τ, x; s, y)dy − vρ,l−1i (l − 1, x)
−ρl
∫ τ
l−1
∫
Rn
VB
[
vr,ρ,l−1(l − 1, .)] vr,ρ,l−1i (l − 1, y)GlH(τ, x; s, y)dyds+
ρl
∫ τ
l−1
∫
Rn
∫
Rn
∑n
j,m=1
(
cjm
∂vr,ρ,l−1m
∂xj
(l − 1, .)∂v
r,ρ,l−1
j
∂xm
(l − 1, .)
)
(τ, y)×
×Kelln,i (z − y)GlH(τ, x; s, z)dydzds,
(259)
and
δvρ,l,k+1i (τ, x) =
−ρl
∫ τ
l−1
∫
Rn
(
VB
[
vρ,l,k
]
δvρ,l,ki + VB
[
δvρ,l,k
]
vρ,l,ki
)
(s, y)×
×GlH(τ, x; s, y)dyds + ρl
∫ τ
l−1
∫
Rn
∫
Rn
Kelln,i (z − y)×((∑n
j,m=1 cjm
(
vρ,l,km,j + v
ρ,l,k−1
m,j
)
(s, y)
)
δvρ,l,kj,m (s, y)
)
×
×GlH(τ, x; s, z)dydzds.
(260)
The representation of the first functional increment δvρ,l,1i shows that we
loose some order of spatial polynomial decay in the first approximation step.
However, in the representation of the higher order approximation increments
δvρ,l,ki we have products of approximation functions (of lower approximation
57
order) which implies that for the higher order approximation increments
polynomial decay of a certain order is preserved if it is larger enough. The
assumption of polynomial decay in the statement of the local contraction
theorem of the data vr,ρ,l−1i (l − 1, .) at time step l ≥ 1 in the statement of
the local contraction theorem implies that for m ≥ 2 for small ρl > 0 we
have ∣∣Dαxvr,ρ,l,1i ∣∣ ≤ 14 . (261)
Note here, that we may assume that C l−1 is chosen large enough such that
C l−1 > 1 and (261) is satisfied for
ρl ≤ 1
C l−1
. (262)
Furthermore, we may assume w.l.o.g. that CB , CG > 1. We have observed
this above in the case of the classical model and using the assumption of
polynomial decay of the data we get this by a similar reasoning starting from
(259). We shall observe that for the higher order correction terms we have
for k ≥ 2 and for appropriate ρl > 0 a spatial decay
max
i∈{1,··· ,n}
sup
τ∈[l−1,l]
∑
|α|≤1
∣∣Dαxvρ,l,ki (τ, x)∣∣ ≤ 2C l−11 + |x|q (263)
for q ≥ 3max |α| ≤ 2m0,α,0 as in the statement of the local contraction the-
orem. Outside a ball Bǫ(x) of radius ǫ around x we can estimate classical
representations of increments δvr,ρ,l,ki (τ, x) via Kusuoka-Stroock or Ho¨rman-
der estimates. Inside a local ball we have local integrability of the Ho¨rman-
der density GlH and its first order derivatives. Therefore we split up the
fundamental solution GlH with a partion of unity φ
x
ǫ , (1 − φxǫ ) where φxǫ is
supported on Bǫ(x) and satisfies φ
x
ǫ (x) = 1. Furthermore, we may choose
φxǫ ∈ C∞(Bǫ(x)) with bounded derivatives (use the standard elements of
partitions of unity). We write
GlH = φ
x
ǫG
l
H + (1− φxǫ )GlH . (264)
and
GlH,i = φ
x
ǫG
l
H,i + (1− φxǫ )GlH,i. (265)
We may write the integral in (260) accordingly for each given x ∈ Rn with
two summands, and then use (191) and the Kusuoka Stroock a priori es-
timates for the respective summands in order to get upper bounds. The
estimate of the local integral around x (supported in Bǫ(x) may gives a
certain constant which we absorb in the definition of CG above. Note that
inductively we have
∣∣Dαxvρ,l−1i (l − 1, .)∣∣ ≤ C l−11 + |x|q (266)
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for some q ≥ max|α|≤2 3m0,α,0 + 2n+ 2 for all multiindices α with |α| ≤ m,
where we know that this behavior is inherited by the higher order local
approximations vρ,l,ki for k ≥ 2. Hence the constants CB, CG and CK are
well-defined in section 2 above. First for |α| ≤ 1 we have∣∣Dαx δvρ,l,k+1i ∣∣C0((l−1,l),L∞) ≤
∣∣ρl ∫Rn (VB [vρ,l,k] δvρ,l,ki + VB [δvρ,l,k] vρ,l,ki ) (s, y)×
×DαxGlH(., .; s, y)dyds
∣∣
C0((l−1,l),L∞) +
∣∣∣ρl ∫ τl−1 ∫Rn ∫Rn Kelln,i (z − y)×
((∑n
j,m=1 cjm
(
vρ,l,km,j + v
ρ,l,k−1
m,j
)
(s, y)
)
δvρ,l,kj,m (s, y)
)
×
×DαxGlH(., .; s, z)dydzds
∣∣∣
C0((l−1,l),L∞)
≤ ∣∣ρl (VB [vρ,l,k] δvρ,l,ki + VB [δvρ,l,k] vρ,l,ki )×
× (1 + |.|q−2max|α|≤2m0,α,0−2n−2) ∣∣
C0((l−1,l),L∞)
+
∣∣∣ρl ∫ τl−1 ∫Rn Kelln,i (.− y)×
((∑n
j,m=1 |cjm|
(
vρ,l,km,j + v
ρ,l,k−1
m,j
)
(., y)
)
δvρ,l,kj,m (., y)
)
(
1 + |y|q−2max|α|≤2m0,α,0−2n−2) ∣∣∣
C0((l−1,l),L∞)
(267)
The second term of the right side of (271) has another spatial convolution
with the generalized Laplacian kernel Kell. However, we have∫
Rn
1
1 + |y|n+2K
ell
,i (.− y)dy ∈ L1 (268)
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for all 1 ≤ i ≤ n by the Young inequality, because locally the ith partial
spatial derivative Kell,i is in L
1 and outside a ball it is in L2. Hence, we have∣∣∣ρl ∫Rn Kelln,i (.− y)((∑nj,m=1 |cjm|(vρ,l,km,j + vρ,l,k−1m,j ) (s, y)) δvρ,l,kj,m (., y)
(
1 + |y|q−2max|α|≤2m0,α,0−2n−2) ∣∣∣
C0((l−1,l),L∞)
≤
∣∣∣ρlCK((∑nj,m=1 |cjm|(vρ,l,km,j + vρ,l,k−1m,j )) δvρ,l,kj,m )×
× (1 + |.|q−2max|α|≤2m0,α,0−n) ∣∣∣
C0((l−1,l),L∞)
(269)
Hence, for |α| ≤ 1 we have∣∣Dαx δvρ,l,k+1i ∣∣L∞×L∞ ≤
≤ ∣∣ρlCG (VB [vρ,l,k] δvρ,l,ki + VB [δvρ,l,k] vρ,l,ki ) (1 + |.|q−2max|α|≤2m0,α,0−2n−2) ∣∣C0((l−1,l),L∞)
+
∣∣∣ρlCKCG((∑nj,m=1 |cjm|(vρ,l,km,j + vρ,l,k−1m,j )) δvρ,l,kj,m ) (1 + |.|q−2max|α|≤2m0,α,0−n) ∣∣∣
C0((l−1,l),L∞)
(270)
This means that for some constant c(n) which depends only on the dimension
n and on the order m ≥ 2 (which determines the number of terms involved
in our estimates) we have
maxj∈{1,··· ,n} supτ∈[l−1,l],x∈Rn
∣∣Dαx δvρ,l,k+1i (τ, x)∣∣ ≤
ρlc(n)
(
2CBCGC
l
k +CK
∑n
j,m=1 |cjm|
(
C lk + C
l
k−1
)) (
1 + |.|q−2max|α|≤2m0,α,0−n)×
×maxj∈{1,··· ,n}
∑
|α|≤1 supτ∈[l−1,l],x∈Rn
∣∣Dαx δvρ,l,kj (τ, x)∣∣.
(271)
This means that an upper bound for the contraction constant for∑
|α|≤1
sup
τ∈[l−1,l],x∈Rn
(1 + |x|n) ∣∣Dαx δvρ,l,kj (τ, x)∣∣
is
ρlc(n)

2CBCGC lk + CK
n∑
j,p=1
Cmjp
(
C lk + C
l
k−1
)(1 + |x|q−2max|α|≤2m0,α,0)
(272)
where we may use the constants Cmjp defined in the section on the statement
of the contraction result. Note that m denotes here the order of spatial
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derivatives considered and at this point m = 1 is sufficient. For higher order
estimates m ≥ 2 has to be adapted accordingly. Since
vρ,l,ki = v
ρ,l,1
i +
k∑
p=2
δvρ,l,ki (273)
and we observe that the order of spatial polynomial decay is inherited by
the higher order correction terms, we know that the order of spatial decay at
infinity of vρ,l,ki is less or the the same as the order of spatial decay behavior
of vρ,l,1i . Hence, we have
C lk . C
l
1 .
1
1 + |.|q−max|α|≤2m0,α,0 , (274)
and ∑
|α|≤1 supτ∈[l−1,l]
∣∣Dαx δvρ,l,kj (τ, .)∣∣
.
∑
|α|≤1 supτ∈[l−1,l]
∣∣Dαx δvρ,l,1j (τ, .)∣∣ . 11+|.|q−max|α|≤2 m0,α,0
(275)
Hence for |α| ≤ 1 we get the contraction result for
ρl ≤ 1
c(n)
((
2CBCG + CK
∑n
j,p=1 cjp
)
2 (C l−1 + 1)
) (276)
In order to estimate
∑
|α|≤m supτ∈[l−1,l],x∈Rn
∣∣Dαx δvρ,l,kj (τ, x)∣∣ for m ≥ 2
we need the local adjoint for the truncations of the densities Glh for local
estimates around the argument x. We may then shift one derivative to
the integrand involving the approximations of the value functions of order
k as explained above. Generic adaption of the constant c(n) (depending
only on dimens on and the number of terms involved in the representations
of the increments δvρ,l,ki and their derivatives) leads to the same constant
as in (276). For the stronger norms we also need the following additional
consideration. For given x ∈ Rn we write
GlH(τ, x; s, y) = φ
x
ǫ (x)G
l
H(τ, x; s, y) + (1− φxǫ (x))GlH (τ, x; s, y)
= φxǫ (x)G
l,∗
H (s, y; τ, x) + (1− φxǫ (x))GlH(τ, x; s, y),
(277)
where for small ǫ > 0 we know that a local adjoint Gl,∗H exists. Spatial
derivatives of order α of the summand (1 − φxǫ )GlH can be estimated by
the Kusuoka Stroock estimates. This is also true for multiindices α with
|α| ≥ 2. For the other summand φxǫGlH we only have local integrability for
derivatives up to first order. For this summand we can use the adjoint and
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shift spatial derivatives to the approximating value functions vρ,l,ki , δv
ρ,l,k
i
and vρ,l−1i (l − 1, .), δvρ,l−1i (l − 1, .). We may then use the representations
δvρ,l,1i (τ, x) =
∫
Rn
vr,ρ,l−1i (l − 1, y)
(
φxǫ (x)G
l,∗
H (s, y; τ, x) + (1− φxǫ (x))GlH (τ, x; s, y)
)
dy
−vr,ρ,l−1i (l − 1, x)
−ρl
∫ τ
l−1
∫
Rn
VB
[
vr,ρ,l−1(l − 1, .)] vr,ρ,l−1i (l − 1, y)×
×
(
φxǫ (x)G
l,∗
H (s, y; τ, x) + (1− φxǫ (x))GlH (τ, x; s, y)
)
dyds+
ρl
∫ τ
l−1
∫
Rn
∫
Rn
∑n
j,m=1
(
cjm
∂vr,ρ,l−1m
∂xj
(l − 1, .)∂v
r,ρ,l−1
j
∂xm
(l − 1, .)
)
(τ, y)×
× ∂∂xiKelln (z − y)
(
φxǫ (x)G
l,∗
H (s, y; τ, x) + (1− φxǫ (x))GlH(τ, x; s, y)
)
dydzds,
(278)
and
δvρ,l,k+1i (τ, x) =
−ρl
∫ τ
l−1
∫
Rn
(
VB
[
vρ,l,k
]
δvρ,l,ki + VB
[
δvρ,l,k
]
vρ,l,ki
)
(s, y)×
×
(
φxǫ (x)G
l,∗
H (s, y; τ, x) + (1− φxǫ (x))GlH (τ, x; s, y)
)
dyds
+ρl
∫ τ
l−1
∫
Rn
∫
Rn
Kelln,i (z − y)
(
cjm
(∑n
j,m=1
(
vρ,l,km,j + v
ρ,l,k−1
m,j
)
(s, y)
)
δvρ,l,kj,m (s, y)
)
×
×
(
φxǫ (x)G
l,∗
H (s, y; τ, x) + (1− φxǫ (x))GlH (τ, x; s, y)
)
dydzds.
(279)
Spatial derivatives are then treated as described. Here we may use Leibniz
rule where we note that for τ − s > 0 we have
Dαxφ
x
ǫ (x)G
l,∗
H (s, y; τ, x) =
∑
|β|≤|α|
(α
β
)
Dα−βφxǫ (x)DβGlH(τ, x; s, y)
=
∑
|β|≤|α|
(α
β
)
Dα−βφxǫ (x)D
β
yG
l,∗
H (s, y; τ, x)
(280)
The derivatives of order |β| > 1 are the shifted by partial integration. Then
we can proceed as before in the case of C0 ×H1-norms.
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